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Last time: Electric Field

Different way of thinking about electric
forces

The presence of a charge Q modifies the
properties of space > causes electric field

Then another charge q, placed in space will
feel a force Fy = qE

Electric field ( E)is a vector
Units of [F]/[charge] = N/C
 Electric fields from = 1 charge add (vectorially)
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Electric Field, last time (continued)
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Definition of electric field due to charge Q
at the point where charge q, Is placed.

o= kg

Magnitude of electric field due
to Q at a distance r from Q.
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Electric Field Lines (last time)
* Visualization of the electric field

* Lines drawn parallel to the E-direction
» With arrows pointing in the direction of E
» Start on +ve charge, end on —ve charge
» High density of lines €< -> strong field

»Uniqueness of E-field - lines never cross
* Otherwise would have two directions at crossing point
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Are these field-lines pattern correct?

from http://www.glenbrook.k12.il.us/gbssci/phys/Class/estatics/u8l4c.html
Dhiagram A DhagegamB  DhageamC DhagramD)  Diageam E

NG e e

N/

¢ Direction of arrows is wrong

D. No

\/

*» Density of lines suggests that field is
stronger on one side of the charge

E. No

N/

¢ Direction of arrows is wrong



AN

Are these OK field lines? What are the signs of charges A & B?
' A: -ve B: +ve
(lines start on +ve charge, end on —ve)

No. Lines cannot cross
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Several locations are labeled.
Rank them in order of electric
field strength, from smallest

to largest
DAECB or perhaps DAEBC
high density of lines = high E What are the signs of charges A through 1?
A. + E. -
B. - F. +
C. + G. +
D. - H. +
L+ 6



Rank magnitude of charges in each sketch
“A>B

» Density of lines to the left of A > density to right of B
*D>C
*F>E>G
s I>H>J
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Another electric field example

R
\ P dE,
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Electric field on axis of a uniformly charged disk?

* As we did last time:
» Calculate the field due to a small piece of the disk
» Add-up the contributions from all the small pieces

« Key question:

» What is the most convenient way of breaking up the disk
into small pieces?

» Exploit result from last time: field due to a ring
— Break up the disk into a bunch of concentric rings




Result from last time: electric field, on
axis, due to a uniformly charged ring

o

vl . X £

* Ring, radius a, charge Q
U * Electric field, on axis, a distance x:
k
E =0 _
(x24a2)2
* |n the direction indicated




Back to the disk

Strategy:
» Consider ring, at radius r, small width dr
» Compute electric field dE due to this ring

» Add up the electric fields of all the rings that
make up the disk

Electric field due to ring, using prev. result:

kx (d
dE:E — = (_@\ dQ = charge of ring
(x2+12) 2 10




dQ = charge of ring

Next question: what is dQ?

 Total charge of the disk = Q

« dQ/Q = [Area of the ring] / [Area of the disk]
» Area of the disk = tR?

° Area Of ring :4_ width of the ring
A

circumference of the ring
» dQ = Q(2r/R?)dr

dE, = 2k Qxr dr
RQ(Q:2+7~2)2 11




o dE, = Dk Qrr dr
® e X RQ(SC2—|—’)"2)2

Surface charge density:
o = Q/Area = Q/(nR?)
> Q = noR?

dE, = 27k oxr d’r'
(22412)7

Now use k=1/(4ng,)

ox rdr
dEy = & .
€0 (;132—|—r2)2 12




" dE, = 2x rdr -
¥ = 0 (x2_|_,,,2)2

Y

Now we sum over the rings - we integrate:

What are we integrating over?
Integrate over r, from r=0 to r=R

.= Iz r=a rdr
€0 “r=0 (LUQ—I—TQ)%
R
L. — 0T —1
&L 260 \/3324—7“2‘0
1 1
E. =
L 260 ( \/5132—|—R2) 13




A curious result (counterintuitive ?)

P E_" I ox 1 1
260 (.CC \/332 | R2)

« Consider infinitely large disk, i.e., R > <
> X*+R? > o, the 2" term in parenthesis > 0
> E 2 o /(2¢)

» Constant, independent of x !

* The electric field of an infinitely large, uniformly
charged plane is perpendicular to the plane, and
constant in magnitude E=c/(2¢)

* |n the limit, this holds also for a finite plane
provided the distance from the plane is small
compared to the size of the plane
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Yet Another E-field Example

Two oppositely charge infinite sheets

Sheet 2 TEl iEQ b=t b=

—O
TEI TE2 E = El + _’2 — 2E_11

Sheet 1

+C . .
VB, Y6, E=E +

A

Total
Field

. . g — Field due
Principle of superposition: @: b, @‘— to sheet 2
A

Field due
to sheet 1

In magnitude: E, = E, = 6/2¢,

No field outside the plates
In direction: see Figure
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(Electric) Dipole
* We saw this in the previous lecture
* Two equal and opposite charges

—

 No net force because ﬁ—l— = —F
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+ No net force
4@?_3/(_181”)
F=—gE =

q

e
=
<

Y

Y

« But there is a net torque
» Because the two forces act along different lines
* Torque (magnitude) T = Fd sin¢ = qEd sin¢

»Note: no torque if sing=0, i.e., if E field is parallel
to line joining the two charges (makes sense)

» Wants to rotate dipole to be parallel with E-field
 Definition of electric dipole moment
» p=qd -

* Magnitude. We'll see in a minute that this is a vector




Aside: .
b d sin ¢
it %:Sﬁy
F = —gE

—q

* |t makes sense to talk about the torque or
force on the dipole (on the two charges) if
the two charges are "bound" to each other
somehow,

» e.g. connected by a rod, like a dumbbell

» or, a more physical situation, chemically
bound atoms in a molecule

+ (Almost) all neutral objects
where the charge distribution

IS not spherically symmetric

can be thought of as dipoles 13

+
H20 +
molecule: .



The dipole moment is a vector quantity

Convention:
» Vector along the line that joins the two charges
» Direction from negative to positive charge
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Y

p=qd

Y

F=—qf =4

-
-

Torque (magnitude) t = Fd sin¢ = gEd sin$ = pE sin¢

But remember, torque is also a vector.
* Perpendicular to the plane of induced rotation
* In this case, rotate in the plane of the screen
—> torque vector along line in-and-out of screen
* Direction set by the right-hand-rule
* Then, with convention for direction of dipole moment:

—

T=pX FE
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Energy Considerations

i =3

F = gE

1‘7 T

E d /[+q y
Jgﬁf_\
F=—-gf %

d sin ¢
- q

Y_

Dipole rotated by torque - work done on dipole
dW = work done on dipole as it rotates by d¢
[dW | = |t d¢[ = |pE sin¢ d¢|

Now let's figure out the signs!

» Work done on the dipole is positive

» Rotation caused by torque is clockwise
- ¢ gets smaller, d¢p <0

dW = - pE sin¢ dé g



; r=daf [ \Work done on dipole as it rotates by d¢
Y/ 52:\: B dW = - pE sin¢ d¢

Work done on aipole as it rotates ¢, 2 ¢,
¢ .

W = f¢2(—pE Sin ¢)dg
1

W = pE COS ¢ — pE COS @1
Definition of potential energy:

W=-AU = —(Uy —Uq)
Potential energy of dipole in electric field:
U(¢) = —pECcos¢ =—p- E 22




Analogy with gravitational potential energy

* When left to "do its thing" a system tries to
minimize its potential energy

* An object in the earth's gravitational field
"falls down" U =mgh

* A dipole rotates so as to v
align itself with the E field

Uinit=PE ¢ > UFlNAf'pE

- 23
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Quite complicated!

But we know in principle how to calculate

it at any point in space:
1) Calculate E, and E, from the two charges

2) Add them vectorially
Tedious, but very doable. We did it in the

last lecture for three points!
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Interesting results for dipole

« Far away from the dipole, the field
amplitude drops off as 1/r° everywhere

» r = distance from the dipole

« Far away from the dipole, the field
amplitude is proportional to the dipole
moment
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lllustration of 1/r3 behavior | ast time:
o-Pa  E
............................ > qQ
oc v oc
q,>0 a dJ,=-q;

Very far away:. b >> a
> a® + 4b* ~ 4b°

Er8k—1"y = k-2 =*kLE
(462)2

1/b>, as advertised! 2



Another illustration of 1/r3 behavior

@ €rerrnnnrannnanns >.+____é_____a2;_q1 LaSt time:

_ 1 1
P=aq.| (£ = kq, (02 (a—l—c)z)

Very far away. c >> a

— 1 1 _ kqy 1
L = kq, (CQ 62(1_|_%)2> — 2 (1 (1_|_%)2>

A very useful trick for making approximations,

use binomial expansion:

(142)" = 14+-nz- n(g' 1) 24 n(n— 13)|(’n, 2) 34

Remember: k! = k(k-1)(k-2)...1 27




Why is the binomial expansion so useful?

(142)" = 14ng4+2 )2 nlnD)(n=2) ;3

Suppose x<1

Then each additional term in the series is
smaller than the preceeding one, since x™' < x'

So, approximate by keeping only a few terms

You decide on a case-by-case basis how many
terms to keep. More terms - more accurate

Example: take x=0.02 (a small number)

(1__:13)2%14_233 (1—-:1?)_2%1—236
(1 4 0.02)2 = 1.0404 (1+40.02)7% =0.9612
1+ 2-0.02 = 1.0400 1 —2-0.02=0.9600,




Q C

4 Q@G ivvvrrsssnsnsniPp Q=== == ——p @

Very far away: ¢ >>a

E q,>0 a d,=-q4
P=ad;
kq 1
E=—7% (1 2)
c (147)

If c >> a, (a/c)<<1
- expand the denominator, keep only 1st term

B3 - (1-29)]
I~ 2kagqy __ 2kp

o C;B o (53

1/c®, as advertised! 2



Another example (Problem 21.102)

R, Find electric field at any point on x-axis
R,

[a—

S
<

Z

AN

Brute force approach:

- find the field due to a small piece of the disk

- sum over all of the pieces (integrate)

There is a better way:

- use previous results + a trick ! 30



Previous result:

P E_" — O 1 1
° e XE_%(E )

How can we apply it to:

* Imagine two rings with no holes
» Radius R,, charge density +c
» Radius R, charge density -c
* The sum of the fields due to these two

rings will be the same as the field of the

ring with the hole! >



=250 G~ Vo

Field due to ring of radius R,, surface charge density +o:

_am 1

Field due to ring of radius R,, surface charge density -c:

1

Total field is the sum of the two:

[ — _ox 1 1
2€ \/3;2 R2 \/:1:2 R2
2 3




Another example (Problem 21.98)

+0

X 2a

*
-0 | 0
|
|
v

Find electric field at the center of this square

Use result for electric field due to wire

Find the four electric fields, then add them
33



Result from last time:
E = kY

______ > x\/x2—|—a2

1. Label the sides
y 2. Sketch the 4 fields
3. In magnitude, all fields are the same

] 4. Distance from each wire = a
E=FL Q) _ k Q
| 1:u = aVa2+a2  V2a*
1
[ | Bx=-2E=—V2k%
¢ ¢ By = —2E = —/2k%%
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