cos(kox) with kg = 10
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Zcos(kix) with k; = 8,12

1.e. : two waves around kg = 10

(I I I I (- ” | (I

s b APV PV PR R Ry b

1 1 | 1 1 1 | 1
) 4

Cos(klgj) -+ COS(]CQZI}) — 92 cos (k1—|—2k2)$ COS (k1 —2]62):13

Beats!



Better “beats” (closer frequencies)

k,;=10.5 k,=9.5 |
Aside
e ) | b o
1.5 — n |1 || H
E— n | n f' '\ n ” H
E— U U ! !
"‘i_ u “ ! | | |J | H
== | | | : V) )
COS(klaj) + COS(]CQ.CC) — 2 COS (k1—|—2k2)$ COS (k1 —2]62):13



Zcos(kia:) with k; = 8,10,12

1.e. : three waves around kg = 10

WA AT AIAY

You start to see a localized pattern (wavepacket) appear near x=0.
But the pattern repeats.

LN =
| I

R
I




Z cos(k;x) with k; =8,9,10,11,12

i.e. : five waves around kg = 10

IS
"—"I‘III|||
|

_—

_——

[ i

[

[

)
Y

Wavepacket near x=0.
The nearby packets have moved a bit farther away



> cos(k;x) with k; =8 — 12
seven waves around k; = 8 — 12
(interval) k= ko £ 0k
with kg = 10,0k =~ 2

H ﬂ

.
PR TT T TTT[TT]
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——
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———

;
;

EN
|

é} i
C’II.:{:!:IIIIII'H"
_-:

[ i
——

-

-_—

-8 -6 -4 -2 0 2 4 6 8 10

Wavepacket near x=0.
The nearby packets have moved even farther away
The wavepacket did not get appreciably thinner



> cos(k;x) with k; =8 — 12
seven waves around k; = 8 — 12
(interval) k= ko £ 0k
with kg = 10,0k =~ 2

:53’)

.
PR TT T TTT[TT]
|
l——
——
—r—

EN
|

é} i
C’II.:{:!:IIIIII'H"

|

E
E

Wavepacket near x=0.
The nearby packets have moved even farther away
The wavepacket did not get appreciably thinner
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iE |
4: 7 waves ﬂ
L ox~1 ok~2
24
i
in |
7
15
15 waves
° Sx~1 Sk~2
5

-10

-15

7

)
-

%
>
N
P




100

50

-50

-100

-1

100 waves
ox~1 ok~2

Wi

7

&
&
I
ra

0 2 4 10

As we add more and more waves within a ok interval:

 The multiple wavepackets move farther and farther away. If | add an
infinite number of waves, expect a single wavepacket at x=0

> A;cos(kix) — [ A(k) cos(kz)dk

 The packet does not get sharper (0x smaller) as we add more waves

e Ox must depend on ok?



100

50

100 waves
ox~1 ok~2
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100 —
80— 100 waves
60— ox~0.5 dok~4
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100

ﬂ ﬂ 100 waves
q ﬁ &x~2 8k~1

paiipesore-

1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1
-8 -6 -4 -2 0 2 4 6 8 10

50

é

°|||I|‘I

-100

)
-

We find that oxok is ~ constant

With our choice of waves (all of the same

amplitudes), and our “seat-of-the-pants”
definition of 0x and ok: oxok ~ 2

k=2mt/A and De Broglie says A=h/p, =2 k=27np,/h
oxop, ~ 2(h/2m)
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* Try to be a bit more careful about ox and ok

* These are usually defined as root-mean-square (rms) deviations.
For k, the probability distribution function (pdf) was

o(k) 1

rms? = [(k — ko)2p(k)dk = 95

Irms =

[e%)
wll=

Kok Ko+oK c

e Sointerms of momentum rms we have

~ 2 _

* We cannot go further with ox (ie calculate rms) because we
have yet to discuss quantitatively the relationship between
position and wave packet




* It can be shown that'  dxdp, > %ﬁ

* This is usually writtenas  dxdp, ~ h

Heisenberg uncertainty principle

[1] See for example
http://en.wikipedia.org/wiki/Uncertainty principle

(look for “Proof of the Kennard inequality using wave mechanics”)
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http://en.wikipedia.org/wiki/Uncertainty_principle

Now explore time dependence

cos(kx) — cos(kx — wt)

— v = % : phase velocity

So far we effectively plotted everything at t=0

If all the waves have the same % , they will all have

the same phase velocity, and the packet just moves
at the phase velocity

But what about QM?
2 hkc? h
E=2 —hwandp=hk > w = » 2= — k
2m 2m k 2m
— Different phase velocities for different k!!!
w hk D mv icl 1
—~BTW = —= = pz‘;;‘l“”z ~ Vparticte- (1111)



So what happens to the packet?

Group Velocity

e A tight packet of waves with ®(k) travels with

.. dw
(group) veloutya

2
. Wehada)=hi

2m

dw _ hko _ po _ mvg
m_m m
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Back to our simple example

As before, take Z cos(kx — wt)

with 100 waves, k uniformly distributed btw 8 and 12 (k,=10, ok=2)
p(k) ]

ko-Ok ko+okK k>

dw
Take w(k)=k?, ie, group velocity v = —|k ko = 2ko

Why? Because (up to numerical factors) this is what we had in the
hkc?

previous page, ie, we had w = P

16



; cos(kx — kzt) —  Vgroup = 2ko = 20

1l
Usmﬁzo
| “ £-0.25 and x-vt-5
llllllll |




80

60

t=0.5 and x=vt~10

40

20

-20

-40

-60

-80

60
40

t=0.75 and x=vt~15

20

-20
-40

-60

Wavepacket moves with v

group

=20 and spreads out
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