Practice Final Exam, Physics 1158

This exam is closed book, closed notes, closed calculators/phones. Please show your work
for full credit. You may make free use of anything on the “Useful Formulae” page. There
are seven problems.

You have 180 minutes. You can do this!



Useful formulae

Schrédinger Equation: ih%]\m = H|VU) w/ Hamiltonian H = 2oy (any space)
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Harmonic oscillator (1d): For H = % + %mw #*, raising/lowering operators ay =
\/z;ihw(mwfcq:iﬁ), &= /g (ay+a_),p =i/ " (ar—a_), [a_,as] = 1, H = hwlara_+

1/2), By = hw(n+1/2), aytbn = Vi T Wgt, athy = Vi1, do(x) = (22) /" e~ 50",

QM in 3D: Position operator ¥ = (z,y, 2) and momentum operator p = (pz,py,p-) in
Cartesian coords. Position space p, = —ih%,py = —iha%,pz = —ih%, so p = —ihV and
H = —%VQ + V. Commutators [z, ps] = [y,py] = [2,p.] = ih, all other commutators of

T,Y,Z, Pz Py, Pz are zero.

Spherically symmetric potentials: V() = V(r), eigenstates ¥y, ¢.m = Ry ()Y, (8, ¢),
radial momentum p, = —ih (% =+ %) and p? = —hQT%% (7"2%) .

. _ 21 : _ 2 _ 2 :
Hydroge? atom: V(r) = —Imeo o emergies E, = —W = —R/n®, Bohr radius
ag = %, ground state wavefunction v o(r, 6, ¢) = %e*’”/ @0 “circular orbit” wave-
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£ . _ 1 2 3/2 2r n-l —r/nag ym

unctions ¥y, n—1m = o (nao) (nao) e Y™ (0,9).

Angular Momentum & Spin Operators: [L,, L] = ihL., [Ly, L.| = ihL,, [L.,L;| =
ihL,, analogous relations for S, Sy, S, and total angular momentum J=L+8S.
L2|¢,m) = R20(¢ + 1)|¢,m), L.|¢,m) = hml|¢,m), analogous expressions for S2,S, acting
on |s,m) and J?,J, acting on |j, m). Raising and lowering operators Ly = L, +iL, for
eigenstates of L%, L,, with Ly [(,m) = h\/({ +1) —m(m + 1) [, m + 1) and L_ |6, m) =
A0+ 1) —m(m—1)|¢,m —1). In terms of these operators, L, = 3(L; + L_) and
Ly = 5:(L; — L_); analogous expressions for Si and Jy.
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Representation of spin-1/2: Basis x4 = ( (1) ), X_ = ( (1) ), operators S = (h/2)&

N2
Coupling to electromagnetism: For a particle of charge q, H = % (ﬁ - qA) + qp,

where p' is the vector of momentum operators (i.e. p = (pa,py,pz)), A is the vector
potential, ¢ is the scalar potential, in terms of which the electric and magnetic fields are
E=-Vyp—0A/0t and B =V x A. Gauge transformations ¢’ = ¢ — 9A/0t, A’ = A+ VA
leave the physics unchanged.



Free electron gas: Box of volume V = L,L,L.. States labeled by wavenumbers k=
(ngm/Ly,nym/Ly,n.m/L;), each occupies k-space volume 73/V . Electrons in ground state
fill out states to Fermi radius kr = (3p72)"/? in terms of free electron density p = Nd/V.
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Energy of the Fermi surface Er = %, total energy FEio; =

Work dW = PdV done by pressure implies degeneracy pressure P =

win

Symmetries and Conservation Laws: Active transformation: act on states, |¢)) —
T |¢), operators fixed. Passive transformation: act on operators, O — TTOT, states fixed.
Symmetry if [H, O] = 0, implies conservation laws %(O) =0.

Transformations: Transformations unitary, 777 = 1. Translation operator T'(a)|z) =
|z +a),T(a)Y(z) = Y(z — a), generated by momentum, T'(a) = exp[—iap/h]. Parity
operator I |z) = |—x), Iy (xz) = ¢(—z). Rotation operator R(n,0) by € around axis n,
generated by angular momentum, R(n,0) = exp |—i67n - E/ h|. Time translation operator
U(t), generated by Hamiltonian, U(t) = exp [—iHt/h).

Clebsch-Gordan Coefficients

J J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15.  Notation: N
1/2x1/2]| ! o_ |3 MM
<11 0 W=\t o127 m m,
|+172+172] 1] o 0 52[ 572 372 1 m, | Coefficients
F1/2 —1/2(1/2 1/2[ 1 vi— 3 . 0 it Fz+a72] 1}3/2+372 -
172 +1/2]1/2-1/2|-1 N +2-1/2] 1/5 4/5| 572 372
[-172-172] 1 | 12| 4/5-1/5)41/2 4172
Y9 - E@COSQQ,,) 1-1/2| 2/5 3/5| 572 32
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1. Is each of the following statements true or false? If true, simply write “true”. If false,
you must briefly (at most one sentence) explain why the statement is false.

(h)
(i
()
k)
()

—

The first excited state of the 3d harmonic oscillator is threefold degenerate.
The observable corresponding to radial momentum is 7 - p.

The “circular” orbits of the Hydrogen atom are the ones with the smallest
possible angular momentum.

The energy of electromagnetic radiation emitted when an electron in the excited
state of hydrogen with principle quantum number n transitions to the ground
state is E = —R (# — 1).

Ly, L.] = ihL,

The eigenstates of orbital angular momentum are the generalized Legendre poly-
nomials P;".

The total angular momentum of a particle is given by the addition of its intrinsic
spin and orbital angular momentum.

Electrons can have different values of total intrinsic spin.
1, -1) = [1/2,-1/2) [1/2,1/2)

T(a)T(b) = T'(a+b) for the spatial translation operator 7.
& — & under parity transformations.

The time translation operator is hermitian.

2. Provide a short written answer (either an equation or 1-2 sentences) to each of the
following questions.

(a)

Suppose you measure S, for a spin-1/2 particle and find +%/2. You then measure
Sz, and then measure S, once again. What values could you obtain for the
second measurement of S,, and with what probabilities?

Given three indistinguishable bosons, one in each in the single-particle states 1,
1y, and 1., construct the appropriate normalized three-particle wavefunction.

A particle of total spin s; = 1/2 and a particle of total spin sy = 1 are coupled
together via a Hamiltonian of the form H = €S7 - So. What are the eigenvalues
of the Hamiltonian?

Consider a hydrogen atom in the orbital state 11, with both proton and
electron spins oriented down in the Z direction. If you measured the total angular
momentum J? of the hydrogen atom (including the spins of the electron and
the proton), what are the possible outcomes, and with what probabilities?

Consider two particles in the spin state |1,0)|1,0). If we measured the magni-
tude of the total spin S? for the two-particle system, what values could we get,
and with what probabilities?



3. This problem involves the decay of an unstable particle C' to particles A and B,
in which total angular momentum is conserved. In the rest frame of C, the total
angular momentum J =S¢ is just the spin of the particle C. After the decay, the
total angular momentum consists of three terms,

J=84+S5+L

where S is the spin of particle A, Sg is the spin of particle B, and L is the orbital
angular momentum between A and B. Conservation of angular momentum in this
decay means that if the initial state is an eigenstate of J? and J,, then the final state
is also an eigenstate with the same eigenvalues.

(a) Consider the case where C' is a spin-0 particle and A, B are both spin-1/2 par-
ticles (s4 = sp = 1/2). What values of the orbital angular momentum ¢ are
consistent with angular momentum conservation?

(b) Repeat the above problem, but now where C is a spin-3/2 particle, A is a
spin-1/2 particle, and B is a spin-1 particle.

(c) There are certain processes for which a two-body decay is forbidden. Explain
why a neutron n cannot decay to a proton p and an electron e~ (all spin-1/2
fermions), despite this being consistent with energy and charge conservation.

(d) A mystery particle C' of unknown spin s¢ is polarized such that me = +s¢.
It decays into particles A & B, where s4 = 1/2 and sp = 0, but the relative
orbital angular momentum ¢ is unknown (for simplicity, you may assume the
decay gives a single, but unknown, value of ¢). After the decay, the z component
m of the spin of particle A is measured, and is found to have probabilities

Plma=1/2)=1/5  Plmy=—1/2) =4/5

What is s¢, and what is €7 Hint: you may wish to consider the action of Jy on
both initial and final states.

4. Ignoring electron-electron repulsion, construct the ground state of Beryllium (Z = 3).
Start with a spatial wave function, remembering that only two electrons can occupy
the hydrogenic ground state; the third goes to 1200. What is the energy of this
state? Now tack on the spin, and antisymmetrize. What’s the degeneracy of the
ground state?

5. In this problem, you will calculate the effect of the exchange interaction in an infinite
square well. Consider two noninteracting particles of mass m. Recall the infinite

square well eigenstates are
2 . gnzx
i(x) =4/ —sin—
v(@) \/; a



where j = 1,2,3,... and = € [0,a]. Let the particles be in states 1; and 1)y, with
j # k. Then

((Az)?), = (W] 2® [y) + (k| 2® [w) — 2 (5] 2 [ (| )
((Ax)?), = ((Ax)), F 2| (] = [ 1,

where the subscript d refers to the distinguishable particle state and =+ refers to the
symmetric or antisymmetric state. Note the following useful integrals:

/ dx xsin®(jrz/a) = a*/4
0

/adaml:QsinQ(‘mc/a)—a3 2—i
; J ~ 12 7242
. 202k [(—1)7+F — 1]
dz x sin(j in(k =
/0 x xsin(jra/a)sin(knz/a) 72(52 — k2)2

Calculate ((Az)?) if the particles are

(a) distinguishable

(b) in a symmetric spatial wave function, with j + k even.

(c) in a symmetric spatial wave function, with j + & odd.

(d) in an antisymmetric spatial wave function, with j 4+ k even.
)

(e) in an antisymmetric spatial wave function, with j + &k odd.
. Consider two particles of mass m; and msy (in one dimension) that interact via a

potential that depends only on the distance between the particles, V(|z1 — x2|), so
that the Hamiltonian is

h2 32 h? 82
He—-rto -2 — 25)).
2my 8&:% 2ms 8:6% + V(e = 22])

Acting on a two-particle wave function, the translation operator would be

A

T(a)(x1,x2) = Y(x1 —a,x9 — a)

(a) Show that the translation operator can be written

T(a) = exp [_igﬁ]

where P = p1 + po is the total momentum.

(b) Show that the total momentum is conserved for this system.



7. At time t = 0, an electron in a hydrogen atom is in the state
B(7,0) = A [3it1,00(7) — 42,117 — 2,107 + V01,1 (7)]

where v, ¢, are the properly normalized energy eigenstates.

(a) Determine A.

(b) What is the wavefunction at time ¢, i.e. (7, ¢)?

(c) What is the expectation value (E) at ¢t = 0? (In terms of F.)

(d) What is the expectation value (L?) at ¢t = 07

(e) What is the expectation value (L) at ¢t = 07

(f) Which of (E), (L), (L?), and () vary with time in this state?
)

(g) Suppose that a measurement of L, at ¢t = 0 yields h. After this measurement,
what is the properly normalized wavefunction (7, t)?



CONGRATULATIONS! You’ve reached the end of the exam.



