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Maxwell Equations in integral form:∫
S
D · da = Qfenclosed

∫
S
B · da = 0∫

P
E · dl = − d

dt

∫
S
B · da

∫
P
H · dl = Ienclosed +

d

dt

∫
S
D · da

Boundary conditions at the interface of two materials.

D⊥
1 −D⊥

2 = σf B⊥
1 −B⊥

2 = 0

E
∥
1 −E

∥
2 = 0 H

∥
1 −H

∥
2 = Kf × n̂

Wave equation in vacuum:

∇2E = µ0ϵ0
∂2E

∂t2
∇2B = µ0ϵ0

∂2B

∂t2

Speed of light in vacuum c = 1/
√
ϵ0µ0. In dielectric v = c

n where n =
√
ϵµ/ϵ0µ0.

Plane wave solution propagating in direction k̂ (not in metals)

E = E0 cos(k · r− ωt+ δ) B =
1

v
k̂×E

with E0 perpendicular to k̂ and v = ω/k.

Snell’s law: sin θT
sin θI

= n1
n2
.

For linearly polarized waves with polarization in the material boundary plane:

E0R =
α− β

α+ β
E0I E0T =

2

α+ β
E0I α =

cos θT
cos θI

β =
µ1v1
µ2v2

Wave equation in metal:

∇2E = µϵ
∂2E

∂t2
+ µσ

∂E

∂t
∇2B = µ0ϵ0

∂2B

∂t2
+ µσ

∂B

∂t

Solution for propagation in z direction:

Ẽ = Ẽ0 e−κzei(kz−ωt) B̃ = B̃0 e−κzei(kz−ωt)

k = ω

√
ϵµ

2

[√
1 +

( σ

ϵω

)2
+ 1

]1/2

κ = ω

√
ϵµ

2

[√
1 +

( σ

ϵω

)2
− 1

]1/2

Maxwell equations written in terms of potentials:

∇2V +
∂

∂t
(∇ ·A) = − ρ

ϵ0

(∇2A− µ0ϵ0
∂2A

∂t2
)−∇(∇ ·A+ µ0ϵ0

∂V

∂t
) = −µ0J

Gauge transformations: A′ = A+∇λ and V ′ = V − ∂λ
∂t .

Lorenz gauge: ∇ ·A = −µ0ϵ0
∂V
∂t Coulomb gauge ∇ ·A = 0.

In Lorenz gauge: □2V = −ρ/ϵ0 □2A = −µ0J



Retarded potentials:

V (r, t) =
1

4πϵ0

∫
ρ(r′, tr)

r dτ ′ A(r, t) =
µ0

4π

∫
J(r′, tr)

r dτ ′

Electric and magnetic fields (Jefimenko equations):

E(r, t) =
1

4πϵ0

∫ [
ρ(r′, tr)

r 2 r̂rr + ρ̇(r′, tr)

cr r̂rr + J̇(r′, tr)

c2r

]
dτ ′

B(r, t) =
µ0

4π

∫ [
J(r′, tr)

r 2 +
J̇(r′, tr)

cr

]
× r̂rr dτ ′

Lienard-Wiechter potentials:

V (r, t) =
1

4πϵ0

qc

cr − rrr · v A(r, t) =
V (r, t)

c2
v

Field of a moving point charge (u ≡ cr̂rr − v):

E(r, t) =
q

4πϵ0

r
(rrr · u)3

[
(c2 − v2)u− rrr × (u× a)

]
B(r, t) =

1

c
r̂rr ×E(r, t)

Electric dipole radiation, approximate formula. (Note: p̈ at retarded time):

E(r, t) =
µ0

4πr
[r̂× (r̂× p̈)] B(r, t) = − µ0

4πrc
(r̂× p̈)

Larmor formula: P = µoq2a2

6πc

Lienard formula: P = µ0q2γ6

6πc

(
a2 − 1

c2
|v × a|2

)
Boost with velocity v in x direction:

x′ = γ(x− vt)

y′ = y

z′ = z

t′ = γ(t− βx/c)

Time-position and energy-momentum contravariant four vectors:

xµ : (ct; r)

pµ : (E/c;p)

Contravariant (aµ)to covariant (aµ) relations: a0 = −a0 and ai = ai for i = 1, 2, 3.
Lorentz invariant: aµbµ. In particular pµp

µ = −E2/c2 + p2 leads to E2 = m2c4 + p2c2.
Other important relationships: E = γmc2 and p = γmv.

Lorentz transformation matrix (boost velocity in x direction);

Λµ
ν =


γ −γβ 0 0

−γβ γ 0 0
0 0 1 0
0 0 0 1


Transformation law for forur vectors: aµ → Λµ

νaν



Transformation law for EM fields:

E∥ → E∥

B∥ → B∥

E⊥ → γ(E⊥ + v ×B⊥)

B⊥ → γ(B⊥ − v

c2
×E⊥)

EM Field tensor

Fµν =


0 Ex/c Ey/c Ez/c

−Ex/c 0 Bz −By

−Ey/c −Bz 0 Bx

−Ez/c By −Bx 0


The (dual) Gµν tensor is obtained from the Fµν tensor by swapping E/c with B and B with −E/c.

The transformation law is Fµν → Λµ
αΛν

βF
αβ and similarly for Gµν .

Covariant and contravariant partial derivatives: ∂µ = ∂
∂xµ and ∂µ = ∂

∂xµ
.

Maxwell equations with Jµ = (cρ;J): ∂νF
µν = µ0J

µ and ∂νG
µν = 0.

Continuity equation: ∂µJ
µ = 0

Four potential: Aµ = (V/c;A).

Field tensor from potential: Fµν = ∂µAν − ∂νAµ.



Winter Quarter 2025
UCSB Physics 110b Final

Problems 1 through 6 are worth 10 points each.
The multiple choice GRE questions 7,8 and 9 are worth 3.333... points each.
For the multiple choice questions, just give the answer (a, a, x....) no need to explain. For the GRE questions,
points are awarded for correct answers and not deducted for wrong answers.

• Problem 1

A rectangular loop of width a0 and length ℓ sits a distance b0 away from an infinite straight wire
carrying a constant current I. The wire and the loop lie in the same plane. At t = 0 two things happen
simultanelously (see picture):

1. The loop is moved directly away from the wire at a constant rate β, i.e., b(t) = b0 + βt.

2. The loop is stretched at a constant rate α, i.e., a(t) = a0 + αt. The length ℓ is unchanged.

Find the relationship between α and β such that there will be no induced current in the loop.

• Problem 2

A very very long (assume infinitely long) rectangular loop of wire has width 2a. At the center of this
loop there is a square loop of wire of side-length a. What is the mutual inductance between the two
loops? (The two loops lie in the same plane).
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• Problem 3

A point charge q is at rest at the origin in a reference system S. A reference system S′ moves to the
right (i.e., to positive x) at speed v0 with respect to S. What is the electric field in S′. Express your
answer in Cartesian coordinates E′ = E′

xx̂+ E′
yŷ + E′

zẑ, and give the components of E′ as a function
of the primed coordinates t′, x′, y′, and z′.
PS: the “origins” of the two systems overlap, i.e., at t = t′ = 0 we have x = x′ = 0, y = y′ = 0, and
z = z′ = 0.

• Problem 4

CERN is hoping to build a new acceleator (FCC-ee) to collide electrons and positrons head-on, i.e.,
with equal and opposite momentum, with a total energy (electron + positron) as high as 350 GeV.
One of the goals is to study the properties of Higgs bosons (H) using the the process e+e− → HZ.
For a total collision energy E, what is the momentum of the Higgs boson given its mass MH and the
mass of the Z boson MZ?

• Problem 5

A resistor is made from a hollow cyclinder of length l, inner radius a and outer radius b. The region
a < r < b is filled with a material of resistivity ρ. Find the resistence of this object.

• Problem 6

The electric field in a metal box with dimensions a, a, and 2a in the x, y, and z directions has
components

Ex = E0 sin(πy/a) sin(πz/a)e
iωt

Ey = Ez = 0

(a) Find the magnetic field inside the box (you can leave your answer in complex notation).

(b) What is the value of ω?

• Problem 7

A plane wave solution of Maxwell’s equation in free space is

E = ŷE0y cos(ωt− kx+ α) + ẑE0z cos(ωt− kx+ β)

Let δ = β − α. Under what conditions do we have elliptic polarization.

(a) δ = ±π/2

(b) δ = 0

(c) δ = ±π/4 and E0z = E0y

(d) δ = ±π/2 and E0z = E0y

(e) δ = ±π
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• Problem 8

Given that B = 1 T, R = 2 Ω, and w = 0.5 m, what is the speed of the sliding bar if the current is
I = 0.5?

(a) 2 m/s

(b) 4 m/s

(c) 1 m/s

(d) 3 m/s

(e) 5 m/s

• Problem 9

Which of the following Maxwell’s equations implies that there are no magnetic monopoles.

(a) ∇ ·E = ρ/ϵ0

(b) ∇ ·B = 0

(c) ∇×E = −∂B
∂t

(d) ∇×B = µ0J+ µ0ϵ0
∂E
∂t

(e) Magnetic monopoles have recently been discovered
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