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VECTOR DERIVATIVES VECTOR IDENTITIES

Cartesian. dl=dxX+dyy+dzz; dt=dxdydz Triple Products

1 . —B. =C. B
Gradient:  vi=Lgy 0 0, (1) A-BxC)=B-(CxA)=C-(AxB)
ax dy 0z

2) AxBxC)=BA-C)—-CA-B)

dv,  dvy v,

Divergence: V -v = — 4+ —
dx 3y 8z Product Rules
Curl: © Vxve (3 - 31) %+ (3_ _ 9_> g (2 3“*) ; 3) V(fg) = f(Ve) +5(V])
ady 9z 9z ox ax dy
52 92t 9% 4 VA-B)=Ax(VxB)+Bx(VxA)+A-V)B+B-V)A

Laplacian:  V?*t = i 4+
RS e 5) V-(fA)=F(V-A) +A-(Vf)

Spherical. dl:drf‘—i—rd@é—krsiné)dqbq;; dr:rzsinedrd()d(/) 6) V-(AxB)=B-(VxA)—A-(VxB)

at . 10t ~ 1
0

Gradient: Vt = > +;£ +rsm86¢¢ (7 Vx(fA) = f(VxA) —Ax(Vf)
B)y=B-V) A-(A-V)B+A(V-B)-B(V:-A)
Divergence: V - v_.——(r ,;ﬁ(sinevg)-i- 1 B& ®) Vx(AxB)=( ) ( ) (
d rsinf d¢
Second Derivatives
Curl: Vxv= 9 sing vy
url: X V= P (sm vg) — 8([) ©) V-(VxA) =
LA NEL ] 5+ 12 oy = 2 ] (10) Vx(Vf)=0
. [sin@ 0 or ('”"’)]9 Bl [Br (rve) = g ]¢

(1) Vx(VxA)=V(V-A)—-V2A

1.9 0t 1 3 o 1 o
Laplacian: ~ Vt = — - 72sing 36 \% ) T Tooa g
placian " 3,( ar>+r25in9 20 (“n 89)+r25in29 397

Cylindrical. dl=ds§+sd¢+dzs; dr=sdsdpdz

FUNDAMENTAL THEOREMS
Gradient: Vrzg%ﬂ%;—tdhg—ii
Divergence: Vv =12 sy 4 1 83% . aavz Gradient Theorem:  ["(Vf)-dl = f(b) — f(a)
Divergence Theorem: J(V-Aydt=¢A da
it va:E%-%]§+[Z‘_%J$+é[%(s%)_‘{;z;}i CurlThieorem: f(VxA)-da:fA-dl

19 [ dt 1 3% 9%
. 2, + 90 ( OF 1
Laplacian: V*t = 75 (s Bs> + 3 —8¢2 4+ —



BASIC EQUATIONS OF ELECTRODYNAMICS
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FUNDAMENTAL CONSTANTS

Maxwell’s Equations

In general:

V.-B=0

JE
VxB= MOJ+M0€0¥

Auxiliary Fields
Definitions :
D=¢E+P

1
H=—B-M
Mo

Potentials

Lorentz force law

In matter:

f

VXE:—@
at

V-B=0
aD

VxH= —_
Jr+ ar

Linear media:

P=¢yx.E, D=c¢E

1
M:XmH1 H=-B
o

F=gE+vxB)

Energy, Momentum, and Power

Energy: U = %

Momentum:

€ E* + — B2

1
) dt
Mo

P=¢) [(E xB)dr

Poynting vector: S = i(E x B)
Mo

Larmor formula: P =

Mo
_ 2,2
6mc

€ =8.85 x 10712 C?/Nm?
wo=4m x 1077 N/A?

¢ =3.00x 103m/s

e =1.60x1071C

m =9.11 x 1073 kg

(permittivity of free space)
(permeability of free space)
(speed of light)

(charge of the electron)

(mass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical

x = rsin6 cos ¢
y = rsiné sin¢
z =rcosf

r=yx2+y?+22
6 = tan™! (,/x2 + y2/z>

¢ =tan™' (y/x)
Cylindrical

X =scos¢

y =ssing

=2z

s =/x24y?

¢ = tan™' (y/x)

7=z

f(:sin9c05¢f'+cosecos¢é—sin q)d;
y =sinfsin ¢ T + cos O sin ¢ 6 4 cos ¢ ¢
7 =cosAr—sinf 6

F =sinfcosgpX+sin Osingy+ cosfz
0 = cosBcospX+cosfsingy—sin 02z
¢ =—singX+cosgy

% =cospS —sin p
y=sin ¢S+ cosp¢

i=12

§ =cos¢pX+sin gy

¢ =—sinpX+cospy

=1



Maxwell Equations in integral form:
/D'da:Qfenclosed /Bda:o
S S

/E-dl——d/B-da /H-dl—fenclosed-i-d/D-da
P dt Js P dt Js

Boundary conditions at the interface of two materials.

Di — Dy =0y Bif =By =0

El —El=0 H -Hl =K, xa
Wave equation in vacuum:

O°E 9°B
o2 V’B = Ho€0— 5"

V’E =
Speed of light in vacuum ¢ = 1/, /éypo. In dielectric v = £ where n = \/eu/eopio.

Plane wave solution propagating in direction k (not in metals)

1~
E =Egcos(k-r—wt+9) B=-kxE
v

with Eq perpendicular to k and v = w/k.

sin 9T _n1

) .
Snell’s law: Sl =

For linearly polarized waves with polarization in the material boundary plane:

a—p 2 cos O 1101
Eor = E Eor = E = =
OR = 3 oI or = 3 oI s 1120
Wave equation in metal:
O2R O’E N OE —— 2 N OB
= LE — = L€
Moz T gt HOO gz T 1Oy

Solution for propagation in z direction:

E — EO efmzei(szwt) B — ]’_5)0 efnzei(szwt)
3 1/2 5 1/2
k=w/ 21+ () +1 p=w 21+ (Z) -1
2 €W 2 €W

Maxwell equations written in terms of potentials:

9 p
2
Zv.A) = 2
VeV + 8t(v ) «
9?A oV
(V2A — poeo ) = V(V - A+ poeo—-) = —pod

ot? ot

Gauge transformations: A’=A +V and V' =V — %.

Lorenz gauge: V- A = —uoeo%—‘{ Coulomb gauge V- A = 0.

In Lorenz gauge: [°V = —p/eg [PA = —puoJ



Retarded potentials:

V= b [ ot (A0,

 dre 2 CArw 2

Electric and magnetic fields (Jefimenko equations):

Br,f) = — /[p(r’ﬂfr)é+ ), .'](r',m] o

 dre 22 ce 22
Ho J(r',t,) j(rlvtr) T,
B(r,t) = — X 2 dt
(r,?) 47?/[ 22 + ce
Lienard-Wiechter potentials:
1 qc V(r,t)
Vir,t) = _ A(r,t) = v
(r,?) dmegce — 2 -V (r,%) c?
Field of a moving point charge (u = c2 — v):
Ert)= L " [ v?)u—2x(uxa) B(r,t) = 2 x B(r,1)
dmeg (2 - u)3 c
Electric dipole radiation, approximate formula. (Note: p at retarded time):
MO . « . Ho . .
E(r,t) = — [t x (r X B(r,t) = — r X
( Y ) 47_[_7, [ ( p)] ( ) ) 47_[_7,0( p)
Larmor formula: P = %:6‘12
Lienard formula: P = %jf (a® — L|v x a?)
C
Boost with velocity v in x direction:
2 = y(z - B)
Y=y
2=z
t'=1(t - Bz/c)
Time-position and energy-momentum contravariant four vectors:
xt : (ct;r)
p': (E/c;p)
Contravariant (a*)to covariant (a,) relations: ag = —a® and a; = a for i = 1,2, 3.
Lorentz invariant: a,b,. In particular p,pt = —FE?/c? + p? leads to E? = m2c* + p?c?.

Other important relationships: E = ymc? and p = ymv.

Lorentz transformation matrix (boost velocity in = direction);

¥y =B 0 0
w_|=8 v 00
Ay 0 0 00
0 0 00

Transformation law for forur vectors: a* — ALa”



Transformation law for EM fields:
E| - E
B — By
EJ_ —)")/(EJ_—FV XBJ_)
v
B, — ’Y(BL T2 X EL)

EM Field tensor
0 E./c Ey/c E./c

—Ey/c 0 B, -—By
—-Ey/c —B, 0 B,
~E.Je B, -B. 0

FH =

The (dual) G* tensor is obtained from the F'*¥ tensor by swapping E/c with B and B with —E/c.

The transformation law is F'* — AZA;;F @B and similarly for G*¥.

. . . . . . _a w_ 0
Covariant and contravariant partial derivatives: d,, = 575 and 9 = B

Maxwell equations with J* = (cp;J): 0, F* = poJ* and 9,G* = 0.

Continuity equation: 9,J" =0
Four potential: A* = (V/c; A).

Field tensor from potential: FH* = gAY — 9 A*.



