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Maxwell Equations in integral form:∫
S
D · da = Qfenclosed

∫
S
B · da = 0∫

P
E · dl = − d

dt

∫
S
B · da

∫
P
H · dl = Ienclosed +

d

dt

∫
S
D · da

Boundary conditions at the interface of two materials.

D⊥
1 −D⊥

2 = σf B⊥
1 −B⊥

2 = 0

E
∥
1 −E

∥
2 = 0 H

∥
1 −H

∥
2 = Kf × n̂

Wave equation in vacuum:

∇2E = µ0ϵ0
∂2E

∂t2
∇2B = µ0ϵ0

∂2B

∂t2

Speed of light in vacuum c = 1/
√
ϵ0µ0. In dielectric v = c

n where n =
√
ϵµ/ϵ0µ0.

Plane wave solution propagating in direction k̂ (not in metals)

E = E0 cos(k · r− ωt+ δ) B =
1

v
k̂×E

with E0 perpendicular to k̂ and v = ω/k.

Snell’s law: sin θT
sin θI

= n1
n2
.

For linearly polarized waves with polarization in the material boundary plane:

E0R =
α− β

α+ β
E0I E0T =

2

α+ β
E0I α =

cos θT
cos θI

β =
µ1v1
µ2v2

Wave equation in metal:

∇2E = µϵ
∂2E

∂t2
+ µσ

∂E

∂t
∇2B = µ0ϵ0

∂2B

∂t2
+ µσ

∂B

∂t

Solution for propagation in z direction:

Ẽ = Ẽ0 e−κzei(kz−ωt) B̃ = B̃0 e−κzei(kz−ωt)

k = ω

√
ϵµ

2

[√
1 +

( σ

ϵω

)2
+ 1

]1/2

κ = ω

√
ϵµ

2

[√
1 +

( σ

ϵω

)2
− 1

]1/2

Maxwell equations written in terms of potentials:

∇2V +
∂

∂t
(∇ ·A) = − ρ

ϵ0

(∇2A− µ0ϵ0
∂2A

∂t2
)−∇(∇ ·A+ µ0ϵ0

∂V

∂t
) = −µ0J

Gauge transformations: A′ = A+∇λ and V ′ = V − ∂λ
∂t .

Lorenz gauge: ∇ ·A = −µ0ϵ0
∂V
∂t Coulomb gauge ∇ ·A = 0.

In Lorenz gauge: □2V = −ρ/ϵ0 □2A = −µ0J



Retarded potentials:

V (r, t) =
1

4πϵ0

∫
ρ(r′, tr)

r dτ ′ A(r, t) =
µ0

4π

∫
J(r′, tr)

r dτ ′

Electric and magnetic fields (Jefimenko equations):

E(r, t) =
1

4πϵ0

∫ [
ρ(r′, tr)

r 2 r̂rr + ρ̇(r′, tr)

cr r̂rr + J̇(r′, tr)

c2r

]
dτ ′

B(r, t) =
µ0

4π

∫ [
J(r′, tr)

r 2 +
J̇(r′, tr)

cr

]
× r̂rr dτ ′

Lienard-Wiechter potentials:

V (r, t) =
1

4πϵ0

qc

cr − rrr · v A(r, t) =
V (r, t)

c2
v

Field of a moving point charge (u ≡ cr̂rr − v):

E(r, t) =
q

4πϵ0

r
(rrr · u)3

[
(c2 − v2)u− rrr × (u× a)

]
B(r, t) =

1

c
r̂rr ×E(r, t)

Electric dipole radiation, approximate formula. (Note: p̈ at retarded time):

E(r, t) =
µ0

4πr
[r̂× (r̂× p̈)] B(r, t) = − µ0

4πrc
(r̂× p̈)

Larmor formula: P = µoq2a2

6πc

Lienard formula: P = µ0q2γ6

6πc

(
a2 − 1

c2
|v × a|2

)
Boost with velocity v in x direction:

x′ = γ(x− βt)

y′ = y

z′ = z

t′ = γ(t− βx/c)

Time-position and energy-momentum contravariant four vectors:

xµ : (ct; r)

pµ : (E/c;p)

Contravariant (aµ)to covariant (aµ) relations: a0 = −a0 and ai = ai for i = 1, 2, 3.
Lorentz invariant: aµbµ. In particular pµp

µ = −E2/c2 + p2 leads to E2 = m2c4 + p2c2.
Other important relationships: E = γmc2 and p = γmv.

Lorentz transformation matrix (boost velocity in x direction);

Λµ
ν =


γ −γβ 0 0

−γβ γ 0 0
0 0 0 0
0 0 0 0


Transformation law for forur vectors: aµ → Λµ

νaν



Transformation law for EM fields:

E∥ → E∥

B∥ → B∥

E⊥ → γ(E⊥ + v ×B⊥)

B⊥ → γ(B⊥ − v

c2
×E⊥)

EM Field tensor

Fµν =


0 Ex/c Ey/c Ez/c

−Ex/c 0 Bz −By

−Ey/c −Bz 0 Bx

−Ez/c By −Bz 0


The (dual) Gµν tensor is obtained from the Fµν tensor by swapping E/c with B and B with −E/c.

The transformation law is Fµν → Λµ
αΛν

βF
αβ and similarly for Gµν .

Covariant and contravariant partial derivatives: ∂µ = ∂
∂xµ and ∂µ = ∂

∂xµ
.

Maxwell equations with Jµ = (cρ;J): ∂νF
µν = µ0J

µ and ∂νG
µν = 0.

Continuity equation: ∂µJ
µ = 0

Four potential: Aµ = (V/c;A).

Field tensor from potential: Fµν = ∂µAν − ∂νAµ.


