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Srednicki 59.1. Compute (|7 |?) for Compton scattering, e~ — e~ ~. You should
find that your result is the same as that for ete~ — v+, but with s <+ t, and
an extra overall minus sign. This is an example of crossing symmetry; there is
an overall minus sign for each fermion that is moved from the initial to the final
state.

We begin by drawing the diagrams. There is an s-channel diagram and a u-channel dia-
gram:

-
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Note that we have neglected the arrows on the photons; their directions are obvious from
conservation of momentum at the vertices. Note also that since there is only one Fermion
line, the relative signs are of course positive.

Now we follow the Feynman rules, tracing the fermion lines backward, and writing all the
terms we encounter. The result is:
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In the second term, we can switch y <> v. Further, note that these denominators resemble
2y will vanish only if the photon has no energy
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and the fermion is at rest; this will not lead to scattering. As a result, these will be much
larger than zero, and we can drop the infinitesimal. Putting all this together:
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As per the discussion leading up to 59.6, we can easily invert this merely by swapping the
indices in the brackets:
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Putting this together:
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Next we use our usual trick of writing this in index notation in order to take the trace:
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Next we sum over the final fermion states and average over the initial fermion states:
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Next we average over the final photon polarization states and sum over the initial ones, with
the help of 59.17:
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Next we multiply these terms:

(ITP) = %g“"g”” ( Tr {(—Pl/ +m)

+ Tr {(—pl, +m)

+ Tr {(_pl/ +m) 71/(%2 _}’51/ +m)')’u (_pl +m) ’yp(_pl - kg —i—m)% }

m2 —u
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Next we use the metric.
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Let’s write this as:

2\ __ 6_4 <(I)ss> <(I)su> <(I)us> <(I)uu>
e e A e e e G

Note that by exchanging ks <> —k», and also p; <> py- in (59.1.1), we exchange (®,) <> (D)
and (Pg,) <> (Pys). We therefore need only to calculate the first two terms. Note also that
these transformations are equivalent to s <> w.

Next we clean up (®,s) with equations 47.19 and 47.18. As for (®g,), we will be content to
simplify a bit:

(@) = Tr [(=2p,, — 4m)(—p, — Ko +m)(=2p, — 4m)(=p, — Ko +m)]

(®y) = Tr [7” (pl,wﬁl + P ke — mp v — My, — myks + m%) Yo (=, +m)V (ks — p,, +m)



The (®,) term presents some complications, as we did not do any derivations like this is

chapter 47. We need to do them now. First the analog to 47.19:
7“’71/7;1 = 7“ [_2gu,u - ’Vu%/]

7“71/7# = =27, — ’Y'U'VMYV
YN Yy = =27 + 47,
Y YV = 27

where the first line is equation 47.1, and the third uses equation 47.18.

Next we do the commutation for a slash and a gamma:
i = "
" = ay, [-29"" —+"y"]
@y = —2a" — Mg
Now for the analog to equation 47.20:
VY Y = asy Yy Y
Y Y = ag [~20"7 — 47
VY Y = =29 — 4y Y
VY v = =297 — 24"
Yy v, = 4a”

(59.1.3)

(59.1.4)

(59.1.5)

where the fourth line uses equation (59.1.3) and the fifth uses equation (59.1.4). That the
opposite ordering should follow the same arrangement is not obvious, but it turns out to be

true, that is:
VY iy, = 4a”
Finally, we calculate the analog to equation 47.21:
VY B = aabsr 1Y
VY B = aabs (—29" = 49" 1"
VY B = =297 bd — dy"y B
Yy By = =20,y b — 4gtb”
PN By = —2b, (—29™ = M") d — A"
VY By = A7+ 2h7 f — Adb”
Yy B = 2b7" b

(59.1.6)

(59.1.7)



where the second and fifth lines use 47.1 and the fourth line uses (59.1.6).
Now we can use these equations to simplify our expression:

<(I)Su> = Tr [<p17up1/ + %‘Z’Yltpll - 4mp1/ B 4mp1 n 4mk:2 1% + 2m27ﬂ> (_pl + m),yu(k2 - pl/ + m)

Next we break up this second term and distribute:
(Pou) = T [(‘%ﬁﬂwlfﬁn" = 2 PV Ampy P V" Ampy "+ dms

—2m*yp Y+ 2mp v "+ 2mbyyp = AmPpy ot — AmPpy oyt — AmPEy M+ 2m37w")

(ky — p,, +m)|

which is:

(Pou) = Tr [(_2%7#?1/?1’7” o 2k27ﬂp1/pﬂ# + 4mp1“¢1 - 4m,¢1p1 + 4mk2p1

_QmQ’VMZ’jﬂu + 2mp yup "+ kaﬂu%ﬁu - 4m21¢1/ - 4m21¢1 — 4m?, + 2m3’7u7“>

(k= p,, +m)|

We can use up the remaining gamma matrices now:

(@) = Tr [(<89, (o0 - p0) = Skalpr - 1) + Smp, p, + Ampyp, + dmbyp, — 4y,

+4mp p,, + kaﬂzﬁl, - 4m2p1, - 47712}?]L — 4m2f, — 8m3) (ky — Pyt m)]

This consolidates to:

(Pou) = Tr [(—8p1(p1/ 1) = 8y (pr - pr) + Smp, p, +dmp p, + 4mk2p1 B 8m2p1

+Ampagp,, — 4mPp,, — Am>, — 8m3> (ky —py, + m)]

Now we can proceed with both terms. We multiply them out, dropping those terms with an
odd number of gamma matrices. We define ¢ = —p, — Fo and p = f, — p,,- Then:

(@us) = ATx [ p, -+ 2P, p, + AmPp -+ A+ dmp g+ 4|

(Psu) = Tr [—8plb(p1f - p1) — 8Ky B(py - p1) + 8mPp,p, + AmPp p, + AmPkyp, — 8mp b

+4m2k2¢1/ - 4m2¢1/% - 4m2k25 - 8m4

We use the traces to simplify:
(®ss) = 16(p1r - a)(p1 - @) = 16(p1 - p1)(a - a) + 16(py - a)(p1 - @) — 16m*(py - p1)
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—64m*(py - a) — 64m*(a - a) — 64m*(p; - a) + 64m*
(Psy) = 32(p1-b) (Pl/‘p1)+32(/€2'b)(pl"Pl)—32m2(P1"p1)—16m2(p1 -pl)—16m2(k2-p1)+32m2(p1-b)
—16m?(ky - prv) + 16m*(py - b) + 16m?(ky - b) — 32m*
We calculate that:
a-a=(p1+k) - (p1+k)=p1-p1+2p1-kot+ky- ko
pi-a=—pi-p1—p1- ko
pr-a = —pi-pr — ke pr
pr-b=ky-pr—pr-pr
ko b=Fky ky—Fky-pr
p1-b=ky p1—pi-pv
Now p; - p1 = —m? and ks - ks = 0. Thus:
a-a=(p+ky) (pr+ko)=—m>+2p; - ky
pl'a:mz_pl'kQ
pr-a= —p1-pr — ka - pv
pr-b=ky-py+m?
ky b= —ky - pu
p1-b="Fky-p1—p1-pr
Plugging this into our expressions:
<<Dss> = 16(—p1 - p1r — k2 'p1')(m2 —p1-ka) — 16(p1/p1)(—m2 + 2p1 - k)
+16(—p1-pr —ko-p1r) (M —p1-ko) —16m* (pyp1) —64m> (—py-pr — ko -p1/) —64m> (—m®+2p; - k»)
—64m*(m? — py - ky) + 64m*
(@g) = 32(ka-p1 —p1-pr) (prr-p1) — 32(ka - 1) (pr - p1) — 32m>(py - 1) + 16m* — 16m> (k- py)
+32m?(ky - p1 — p1 - prv) — 16m? (ko - prv) + 16m?(ky - pr +m?) — 16m?(ky - p1/) — 32m*

We can simplify these extensively:
(Dys) = 32 [(k’z -p1)(pika) + m2p1 -pr + m2(k2 pyr) — 2m2(p1 ko) + 2m4]
(Pou) = 8 [4(p1 - prr)(=p1 - pv — ka - prv + kg - pr — 2m?) + 2m® (kg - pr1) — 2m* (ks - py/))]
Next we need to introduce the Mandelstam variables:
s=—(p1+ k)’ = —pi — ki —2p1-ka=m?—2ps - ky

m? —s

— p1-ky = 5




t=—(p1—pv)* =—p; —pl +2p1 - pr =2m" + 2p1 - prv

t — 2m?
— p1p1/:
2
_ 2 42 2 9
u=—(ky —pr)* = —ky — py + 2kaprr = m* + 2ky - py/
u — m?
—— kj2-p1/: 2

Using these in our expressions:

o552 (52 (2 e (52) - (52)

t—om?\ [ —t+2m?— 24 m? — s — 4m?
(@Su):8{4( Qm)( rom u+n; s m>+m2(m2—s)—m2(u—m2)}

This simplifies extensively:

(Dys) = 8 [3m*u — su— 3m* + 5m®s + 2m>t]
(D) =8[(t —2m?)(—s — t —u) + m*(2m”° — s — u)]
Next we recall that s +t +u = 2m?. This gives:
(Dys) = —8 [su — m*(3s +u) — m]
(D) = —8m?* [t — 4m”]
Recalling that we can switch s <+ u to obtain the other terms, we have:
(Dys) = —8m?* [t — 4m”]
(Pyu) = —8 [su— m*(Bu+ s) — m*]

These expressions, used in equation (59.1.2), give our answer. Rather than rewriting it here,
we will note that this is equal to equation 11.50, given that o = e*/4r.

Srednicki 59.2. Compute (|7|?) for Bhabba scattering, ete~ — ete™.

We begin by drawing the diagrams. There is a s-channel diagram and a t-channel diagram:

—P —Pv

D2 D2

Note: In Srednicki’s solutions, the diagrams are drawn incorrectly. However, he eventually
rectifies his mistake and arrives at the correct answer.
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We use the Feynman rules to assess the values of these diagrams:

—igh”

ZT - ﬂsQ’ (pZ’)(ie’yu)'Usl’ (pl’) (pl T p2)2 — Z'{-:ESl (pl)(ie’yu)uﬂ (pZ)
P (p2) (i) s (p2) —— %51 (p1) e )sr (o)
Uso (P2 ) (1Y) Us2(P2 (1 — )% — Z.gvsl DP1)\reY )Us17(P1

We simplify this:

T _e? {ﬂszf (D2 ) Yuvs17 (P1) V1 (P1) Y U2 (P2) n Usor (P2 ) Ypuths2(P2)Vs1 (p1)y* vs1/ (pl/):|
S t

Taking the conjugate:

7—~ _ —62 |:551’ (pl’)ﬂyuuﬂ’ (p2’)ﬂs2 (pQ)’Y#Usl (pl) + Es2 (p?)PYMUSQ’ (pZ/)Usl’ (pl’)’)/'uvsl (pl):|
S t

Multiplying these, we get a big mess, which we will write as:

P By B T
52 st ts 12

TR = ¢!

We have, using u; = ug (p1) (for example) as a shorthand:
Dy = (Upyuvr) (V1" u2) (Vi us ) (U2y"vr)

Dy = (Upyuvr) (V17" u2) (Wayuy) (V1Y v1)

Dy = (Upyuz) (V17" v1) (Vv yuz) (Uey vr)

Dy = (W yuuz) (017" 0r) (Uevuy) (V17 01)
Notice that everything in parenthesis is just a number. We place these in a particular order
that we find pleasing, then use our usual trick to take the trace:

Qs = Tr (U yorvrYuy) Tr (Ui ugtiey”vy)
q)st = Tr (@1’7”’&2@2’}/”112/ﬂg/’y“Ul/Ul/’yVQH)
Dy = Tr (V1" v V1Y U Uy, unliay V1)
Oy = Tr(Uy"vrvry vr) Tr (%%Uz/%'%l&z)
Now we average over the initial states and sum over the final states. This gives:

1
<(I)SS> = Z Z TI' (ﬂg@uvl@lqyugl) TI (517”%2@2’7”2)1)
s1,s2,s17,52/

1
E : — — — — v
<(I)st> = Z TI' (vl’yMU,QUQ’yVU,QIUQ/'Yuvl/vll’y ’Ul)
s1,s2,s1/,82/



1
<¢)t5> = Z Z TI' (Ul’}/'U‘Ul/@l/’}/VUQ/HQI’}/MUQEQ”}/Vvl)

s1,s2,s17,82/

1
(Pu) = 1 Z Tr (D1 ooy v1) Tr (U, up Ty y,uz)
s1,s2,s17,s2/

Now we use the completeness relations and the cyclic property of the trace:
1 y v
(D) = 2 Tr <7u(—p1, —m)v(—p, + m)) Tr ('y (=p, + M) (—p, — m))
(B) = 1 T (P, = m(—py, + )3y, — ) (=, —m)

<(I)t8> =

e i

T (4 (=, = M)y + M)u(—p, + M)y (—p, = m))
(®4) = 1 T (F(—py, —m0(=p, —m)) T (wlpy + mpma(p, +m))  (59.2.1)

Notice that exchanging ps <> —py/, equivalent to s <> ¢, allows us to exchange (®g;) <> (Pyy)
and (Pg) <> (Py5). Therefore, we need only work out the first two of these four terms.

We distribute:
1
<¢SS> = Z Tr (7#?1/71/%2/ - m2’yuf)/y> Tr <7M¢27Vp1 — m2’>/'u’yl/>

1 v 4 v
(ot = 4 Ir <7up2%p2f7up1/7 pl T mzvupz%pzﬁﬂfy N m27“p2%fyup1/y
— Y P Y Py, — Y WPy VY — MV P P

+m* Y PP, + m4v"%w7”>

We use equation (59.1.7) on the first, second, fifth, and seventh terms of (®;). The derivation
of (59.1.7) stands on its own; there is no reason to repeat it here. Then:

1 v 2 v 2 v
<(I>8t> - Z Ir (2]%%%}’51/7 p1 +2m }’52/'71/?27 -m ’Y“%%’m;}ﬁlﬁ
_m27#p271/7#71jp1 - 2m27“p1/7ﬂ/p2/ - m2’}/“ryljp2//7#ryypl
+2m2%pﬂypl, + m4’}/uf}/u7ufyy>
Next we use (47.19) on the second, fifth, and seventh terms:

1 v v v
(Pot) = 4 Ir (217)2'%1?2?1/7 P+ 4m2p2,p2 N mey“pQ'y,/yMpl,’y - mQV”pz%W’V Py

_4m2¢1“¢2/ o m27“7”¢2/7#7Vp1 + 4m2p1}/§1, - m47“7y7“71/)
Next we use (47.20) on the first term:
1 v v
(@) = 7 Tr (89, (2 - 1), + 4By, = P, 2 = MV B0,
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—4mp P, — PV NP, 1 P, F AP P, + m%“wm”)
Next we use (59.1.5) and (59.1.6) on the third, fourth, and sixth terms:

1 v v
(Dy) = 1 Tr (&’?2, (p2 - pr)p, +4m°p,p, — 4mPpy N — 4mPpa AP,

—4m2p1,}7}2, — 4m®py AP+ 4m2p1p1, + m47u%/%ﬁu>
Next we use (59.1.3), followed by (47.18), on the last term:

1 2 2 2
(Por) = 4 Tr <8p2,(p2 'pl')p1 +4m Porlby — dm 0 4m Pob,
4
_4m2p1/}/}2' - 4m2}/§2“¢1 T 4m2p1p1, —8m >
Finally we use (47.9) on every term except the last one, which we simply take the trace of:

(Dgr) = —8(pa - p1)(p2 - prv) — 4m>(pa - p2) + 4m> (pyr - p2) + 4m>(pa - p1)

+4m?(py - par) + 4m*(por - p1) — 4m*(py - prv) — 8m*

Rearranging equations 11.5 in the usual way, we have:

2m? — s
P1-P2=Dpr Py = —F7H
2
t —2m?
P1-Pr = P2 P =
2
u— 2m?
Pi-py =Pr-pa= 5 (59.2.2)

Using this in ($g):
(Do) = =2 (u— 2m2)2 —2m*(t — 2m?) + 2m*(u — 2m?) + 2m*(2m?* — s)

+2m?(2m? — s) + 2m*(u — 2m?) — 2m?(t — 2m?) — 8m*

We multiply this out, finding:
(Dy) = —2u* — 4m?s — 4m>t + 12m*u — 8m*

Now we have s+t + u = 4m?. Using this and simplifying, we find:

(D) = —2 (u® — 8mu + 12m?)

Now we turn to ®,:

1 v
(Pss) = 4 Tr (VH%/VVZZSQ/ - m27“71,> Tr <7M1¢27yl¢1 - m27u7 )
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Distributing;:

<CI)SS> - éll Tr (7ﬂp1/7Vp2/> Ir (7!2?27”7)1) - %2 Tr (fy“pl/’yl’p?) Ir (7#71/)

m? , m! ,
— Trlww) Tr (7’%7 pl) + = Tr () Tr(v%97)

Next we use (47.8):
1 v 17
(Pys) = 1 (wﬁl,%pﬁ Tr (v%v p1> +m? Tr <m7>1,%p2,) g"

+m2g,w Tr (7“p27”p1> + 16m*

Next we use the metric:

(®as) = }1 T (v, ty) T (9,0, ) 0 T (39, 00,)

+m? Tr <fyup2'y“pl> + 16m*
Next we use (47.19):

(@) = 3 T () T (vp,7p,) +2m T (pp,, )

+2m? Tr <p2p1> + 16m*
Next we use (47.9):

1
<(I)ss> = Z_l Tr <7up1/7u?2,> Tr <’Y“p271j}’§1) - 8m2(p1’ : p2’) - 8m2(p1 : pZ) + 16m4

Since four-momentum is conserved, we can write this as:

1
(®,,) = ;I (wpllw’z) Tr (’y“pzfy”pl) — 16m*(p; - p2) + 16m*

Now we rederive equation (47.11) with all gamma matrices; the derivation is the same, and
" Tr [Y'9"y77*] = 49" 9" — 49"7 9" + 49" 9"
Using this in our expression, we have:
(Pss) = (pv wP2 yp — (p1 - P2) G + P17 P2 ) Tt (V“pﬂ”pJ — 16m*(py - p2) + 16m*
Distributing:
(Pys) = prwpo Tt (v%v”pl) — (P - p2) g Tr (7“%27”}/11) +p1upr v Tt (7’”%27”?1)
—16m>(py - po) + 16m*
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This is:
(@) = Tr (P, ) — o) T (9,08, ) + T (P, ) — 16m* (- o) + 16m*
Using (47.19):

(@) = T (B, ) — 200 p2) T () + T (P, ) — 16m2(py - pa) + 16m°
Using (47.9):

(®gs) = Tr (p2,p2p1,p1) +8(p1r - par)(p1 - p2) + Tr (7’1/%?2/?1) — 16m*(py - po) + 16m*

Using (47.13):
(Dss) = 4(p2p1)(p2-pr) —4(p2-prr) (P2p1) +4(p2r-p2) (Pr 1) +8(P1-p2) (P1-p2) +4(p1-p1) (p2-p2)

—4(pr - pr)(p2 - p1) + 4(pv - p2)(p2 - p1) — 16m°(py - pa) + 16m*
Simplifying:

(®ss) = 8(p2 - p1) (P2 - p1r) + 8(p2r - p2)(p1 - 1) — 16m>(py - p2) + 16m*

Using equation (59.2.2) and simplifying:

Py =2 [u” + 7 —4Am*(u+t — s) + 8m*]

Finally, we use s +t + u = 4m?:

D,y =2 (s + 2st + 2t* — 8m’t)

Using our boxed equations, we derive the matrix element:

9 o [8% 4 2st + 22 — 8m?t + 8m*  2u? — 16m*u + 24m*  s? + 2st + 25* — 8m?s + 8m?
[T =2 52 a ts * t?

Srednicki 59.3. Compute (|7 |?) for Mgller scattering, e"e~ — e~ e~. You should
find that your result is the same as that for eTe~ — ete~, but with s <> u. This
is another example of crossing symmetry.

We draw the diagrams. There is a t-channel diagram and a u-channel diagram:

Y4 b D1 Do

D2 D2 b2 D
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We use the Feynman rules to assess the value of these diagrams:

. _ . —1gh” _ .
iT = Uy (por) (i€, us2(p2) (pv — p1)? — ic Ust (p1) (€7, ust (p1)
T (P (i€, 1 (p1) 1 () (i ()
—Ug2! 1) e Ug —Ug1/ r)\e Ug
2/\P2 V) Us1{P1 (pzf —p1)2 i 17\P1 V) Us2\ P2

Simplifying:

T _2 |:H52’ (P2)Vus2(P2)Ust (pr) V' ust (1) Usey (Pz’)’Yuusl(pl)ﬂslf(plf)’Y“Usz(PQ)}
t u

This gives:

T o 2 {@2(]72)%%2’ (P2)s1 (P )V us (PY) W1 (1) yputise (pzf)ﬂsz(pz)’}’“usy(pl/)}
t U

Multiplying these, we get a big mess, which we will write as:

0| O P Pu Pu
12 tu ut u?

TP =e

We have, using u; = ug (p1) (for example) as a shorthand:
Dy = (Upyuua) @y ur) (W u) (W ur)

Dy = — (Urypuz) (WY ur) (Wyue) (Tey ur)
Dy = — (Wryuur) (W uz) (Ueyue) (WY ur)
Doy = (Tpyuur) (T ug) (Wyyuy) (e urr)

Notice that everything in parenthesis is just a number. We place these in a particular order
that we find pleasing, then use our usual trick to take the trace:

¢tt = Tr (EQ!’YMUQEQ’YVUQ/) Tr (ﬂlq“ulﬂl’y”ulx)

Dy = — T (Wory ety uy Uy Y u Wy, uo )
Oy = — Tr (Wit y” ur iy ugtiyy, uyr )
O = Tr (W uitinyyuy) Tr (T y ugtiay ur)
Now we average over the initial states and sum over the final states. This gives:

1
<¢tt> = Z—L Z Tr (ﬂQl’yMUQEQ’}/VUQ/) Tr (ﬂlz'yuulﬂlvyul/)
s1,52,s17,s2/

1
_ _ _
(D) = 1 E Tr (U2’%U2U27 Uy Uy g Uy, uy)
sl,s2,s17,82/

13



1
(Put) = 4 Z Tr (W ui iy wy iy ugtiay, sy )

s1,s2,s17,s2/
— — — — v
(D) = — E Tr (W yua i yue) Tr (T ugtiey uyr)
s1,s2,s17,82/

Using the completeness relations, we have:
1 v
(@u) = 7 T (= + mu(—py + m)) Tr (=9, +m)r*(—p, +m)")

(®) = —1 T (= + Ml —p, +m)r* (—p,, +mr (=, +m)v.)
(B = —1 T (= + M)l —p, + ) (—p,, +mr(—p, +m)v.)

(@) = 2 T (ot (o, + ) T (o, + m(p, +m?)

Now we notice that this is the same as equation (59.2.1), with py <> —po/, ie s <> u (that is,

(®ys) in the previous problem corresponds to (®,,) here). Thus, the answer is the same up
to this change.

y o [+ 2tu + 2% — 8mPt + 8m?*  2s% — 16m?s + 24m*  * + 2tu + 2u® — 8mPu + 8m?!
ITI? =2e = — ” + "
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