Srednicki Chapter 39

QFT Problems & Solutions
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March 22, 2013

Srednicki 39.1. Verify equation 39.24.

Let’s start with the definition of the Noether Charge. We have:

Q= /d?’a;jo

Note that we use Srednicki 22.9 rather than 22.27 since in this case, the symmetry being
considered leaves the terms invariant, not merely invariant up to an overall divergence. Using
the definition of the Noether current, Srednicki 22.6, we have:

).
Q= [a 000

The Lagrangian in question is equation 39.1, which can be written:

L =iUy"9,V +my ¥

Then: or
= iUy’ 39.1.1
o0 311
Further, the symmetry in question is:
U — e U =V —jal + ... (39.1.2)

Combining these numbered results, we have:
30 =iy (—ia)¥
It is customary to remove the infinitesimal term form the Noether current. Thus:
0 = T
Which gives the Noether Charge as:
Q= / PrU~yOU
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Now we are ready to insert the solution to the Dirac Equation, Srednicki 37.30. Recall
equation 37.17, the effect of which is that the expansion of ¥ is the same as ¥ with the
daggers and exponentials “Hermitianated” and the spinors barred. Then:

Q= [@a

[Z [ (st ute + d <p'>e-ip’w)]

We distribute. Further, we recall that the operators act on vacuums or particles, not tensors,
and therefore commute with the spinors.

Q=YX [ @ dp dif [P ) 0L ) )

s== s/=+

e R (p)y vy (p)dl, (9)bL(p) + e PP (p)7 g (p)ds (p)by (P)

+ 0 () e () ()L ()|

Next we use equation 38.21, killing the second sum as well as the second and third terms:

> / dp (e~ (p)bl(p )+e"’”m(p)ds(p))] 7
s==+

_mz/d% dp df [P B ()b (p!) + 0 () ()]

Next we split up the exponentials into spatial and temporal parts. We also write the second
integral explicitely:

3 —i(w' —w)t i(p'—p)-TpT —i(w—w')t z )T T
—mzfdxdp O [ e D) + 50, ) )
Next we use equation 3.27:

Q=" dp & [ B — PI) + G - 7)d )l ()]
s=+

We do the last integral. Note that the spatial parts are required to be equal, and the
magnitudes are required to be equal (since the masses are the same), so the temporal parts
must be equal too, ie w = w’. Thus:

Q= de [1(0)bs(p) + ds(p)dl(p)]

Finally, we use 39.17 to anticommute these terms:

Q= de [bf(p —di(p)d,(p) + (27)32w]



which is of course:

Q=" dp [b(p)bs(p) — di(p)da(p) + comst]

s==+

as expected.

Srednicki 39.2. Use [¥(x), M*]| = —i(x*0¥ — x¥0")¥(x), plus whatever spinor
identities you need, to show that

1
J.bl(p2)|0) = §Sbl(P2)|0>

1 .
J.di(p2)|0) = gsdl(pZ)|0>

where p= pZ is the three-momentum, and 2 is a unit vector in the z direction.

Let’s do both of these simultaneously. First, we use 39.10 and 39.12:

LB (p2)|0) = J. / @ P (@) us(p3)]0)

J.dt(p2)[0) = J, / @ 7T, (pE) W (2)|0)

Next we want to commute .J, through the matrix multiplication. J, acting on a term |n)
will give s|n). This will not be affected by any terms in front of the ket. In other words, it
doesn’t matter if .J, acts on the ket before the other stuff or after the other stuff — it therefore
commutes with the other stuff.

The exception to this is if the “other stuft” changes the ket. The commutation between
J, and this “other stuff” needs to be carefully treated. Thus:

15 (p2)[0) = / B P, T () us (p2)]0)

J.d}(p2)[0) = / 0 7, (p2) [, W(a)]0)

Next, recall that J, = %52WM W = M™, where the last equality follows because the Ms are
antisymmetric. Thus:

1.5 (p2)[0) = / & P (M T (z) ) us(p2)]0)

Tl (p2)|0) = / B 7, (p2) [, W (2)][0)

This second line allows us to use the identity given in the problem, but we need to adapt
this identity for use in the first line (see my note in the slides if this is confusing):

[(V(z), M| = —i(zH0” — 2" 0" )W (x) + SV (x) (39.2.1)
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Barring, we have:

(WU (z), MW] = —i(zrd” — xvO*) U () + SH T (x)

(M"Y, W (z)] = i(zF0” — 2V 0M) U (x) + U (z) SH
M is Hermitian. Further, we use 38.15. Thus:

[M™ W(x)] = i(z"0” — 2" 0")W () + U (z)S" (39.2.2)

These commutators give:

J.bl(p2)|0) = /d% e [i(x0Y — yo©) U (x) + U (x)S™] v us(p2)|0)

<L@Qﬁﬂm=j/d%w@W&@@7WMMW—4@ﬂW@0—S”W@NHD

The first (two) terms involve derivatives with respect to x or y. 7° is a constant and u(p2)
are constant in space, and e is constant with respect to x or y. Integrating by parts then
will shift the derivative to a constant term which vanishes. We assume that the boundary
conditions are such that the remaining (surface) term from the integration by parts also
vanishes. This gives:

J.bl(p2)|0) = /dgx e (1) S™ 4 us(p2)]0)

Ldl(p2)0) = = [ # 7o (p2)° 5 (2)0)

Next we recall: .
ncaty
4 Y

oy L 0 o, 0 oy
sl T) (2
OyOy — 050y 0
0 OyOy — 050y
Ty _ _3 [Uxagy] 0
5 4 ( 0 [Um>‘7y]
1 /o0, O
Ty z
=57 a)

1020 = [ @ e wo) (50 ) uao

0 o,

S7Y =

A~ |

S =

RS

This gives:

L@@mm:—gjfo%M@w(@ 0)wmm>

0 o,



which is:

J.bl(p2)|0) =

/dgx P (1) ( %Z : )
1 )
rapa) =~ [ a9 §)

These two matrices obviously commute. Hence:

N —

~
o

1 .
L6l (p2)[0) = 5 / Bz P (1)y" ( i 0

1 )
rapa0) =~ [ ¢ e (G

Next we use 38.12:
TS 1 3. ipxyyy of 0= 0 : 2
Jbi(p2)|0) = 5 [ dz W2y ) exp(inpK®)us(0)]0)

1

120 = =3 [ @ e 0 esptinpre) (G

What is K*7

Thus:

. 1 P o, 0 1 o 0
104200 = 5 [ e Tt (T ) Yo |gw (5 ) won)

Ldl(p2)0) =~ [ d' em o) exp [—%p( > )} ( o 0 )vOﬂf(x>|0>

It is clear that these two matrices commute. Thus:

1020 = [ @ erwwnten |-t (5 )] (G 0 ) wo)

~ 1 ipr— (O 0 1 o* 0
rdipa) = [@aerno (G0 e g (G 0

Writing this differently:

J.bl(p2)]0) =

o O O

/d?’x P ()7 exp (inpK?)

DO —
|
—_

O = O O

o O O
]

2 1 IPT— . z
Ldi(p2)0) = -5 [ & ro.(0) exp (ipK*) ()0

S O O
o |
—_
o= OO
o O O



Looking at equation 38.6 and doing the matrix multiplication, we see that the matrix acting
on the spinor gives s times the spinor. Thus:

~ S DT T, . z
TH@E)0) = 5 [ 5 ) exp (inph) u.(0)]0)

S

Lai(p2)0) = =3 [ & €7 0) exp (inph?) P ¥(]0)

Using 39.10 and 39.12, we have:
1
JbL(p2)10) = 55 b1 (p2)0)
. 1 .
Jdi(p2)|0) =~ di(p2)]0)

as expected.

Srednicki 39.3.

(a) Show that

U(A)7'0s(PU(A) = Y Row (A, 5)byr (A7'D)

U(A)_lds (ﬁ)U(A) = z ﬁss' (A’ﬁ)ds'(A_lm

and find formulae for R, (A,p) and R, (A,p) that involve matrix elements of
D(A) between appropriate v and v spinors.

Much of this was already done for scalars in problem 3.3. Let’s start from the beginning,
however, since problem 3.3 was very difficult. We’ll also break this down into manageable
pieces as before.

(i) Evaluate the Fourier transform of the fermionic field operator

Using the four-dimensional Fourier Transform:

UM (kUN) =UN)! / d*re” P (z)U(A)

d*z is invariant under Lorentz Transformations, so are the constants, and so is the product
of two four-vectors. Hence:

U(A) "W (R) U (A) = / dize U (M) (2)U(A)
Now we can use equation 36.54:

U(A) W (k)U(A) = / dize " D(A)YD (A7)
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Now define y = A=z,
U0 (k)U(A) = / dize= ™ D(A) T (y)

In the exponent, we now have kAy = kA [y,. Let’s now use equation 2.5: this gives

k;“(A*I)”“yV = yA~'k. This gives:
U(A) " T (k)U(A) = / dize= DAY (y)
Since the determinant of A is required to be one by propriety, we have:
U ERUR) = [ diye D)
Fourier transforming the right-hand side, we obtain:
U(AN) U (k)U(A) = D(A)WU(A k)
(ii) Verify that ¥(k) = 3, 2md(p? + m?) [0(p°)u, (P)bs(P) + 6(—p°)vs(P)dl(P)]

First, how do we know that this is what we need to prove? This is a somewhat organic
process: we look at the solution to problem 3.3 to see the general form that would be helpful
moving forward, and we look at equation 37.30 to see the form to which our expression must
simplify.

We begin the verification with the Fourier Transform:

qf(x)—/(dk )

2m)4

Then we insert the claim:
d'p e 2 2 0 0 t
V) = [ e 3220006 + ) (08" 10 + 011 P )
which is:

560 + 1) [0 Yus (P)buF) + (1), (7)1 (7)]

d(x—xo)
zo |g'(zo)| *

Now recall that we can break down delta functions according to d(g(x)) = >
Ignoring the parts that are not allowed due to the theta function, this becomes:

> [ [ 9= VP gy ) + S p2+m2)9(—p°)vs(ﬁ)dl(ﬁ>]

2w 2w

which is:

= 3 [ ddpe™ 56 = VRO P ) + 5+ /)0 ()
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The theta functions are no longer necessary, since the signs are appropriately specified by
the delta functions:

W) = Y [ dedpe e = T Pl5) + e+ Vs ()

Now we could use the delta function to eliminate k° from the equation. Instead, let’s continue
to use w, though we now must remember that w is completely defined by p and m. Further,
let’s define w to be ++v/k2 + m?2: this causes w to become —w in the second term. Thus, our
delta functions give:

W(a) = Y [ do [ up5) + e (i)

This is a bit strained notation, so let’s redefine the dummy variable in the second term,
p— —p.

v =Y / dp [P ua(P)s(7) + ¢ 0, (7)) (7)]

which is equation 37.30, verifying the claim.

(iii) Take Lorentz Transforms of the result of part (b)

UM W(k)U(A) = UR)D " 2m6(p” +m®) [0(p°)us(5)bs(7) + 6(—p°)va(9)d](5)] U (M)
Let’s start by taking p° to be positive. This gives:

U)W (R)U(A) = 206(p° + m*)U(A) ' Y ug(Pbs(D)U(A)

On the left-hand side, we use the result from part (a).

D(A)T(A™'E) = 276(p* +m*)U(A) ™) ua(9)bs(F)U(A)

Now we use the result from part (b) again on the left-hand side:

D(A)2r6(p +m?) S ug (A p)by(A'F) = 208(p* + mAU(A) ™S g (R)bs (AU (A)

where the p? in the delta function is the magnitude of a four-vector, and therefore invariant.

We cancel the factors of 2m and equate the coefficients of a delta-function (this is allowed;
it’s a Green’s expansion!). This gives:

UM™Y u(@)bs(DU(A) =D D(A)uy (A~ H)by (A1) (39.3.1)



Now we multiply on the left of both sides by %y (p). Let’s also reverse the direction of the
equality:

Uy (P)U (A Zus (P)bs(P)U (A ﬁ)ZD AT )by (A1)

Recall that the spinors are NOT four-vectors: they are spinors which depend only on the
3-vector k. In other words, they are transformed by (A), not by U(A). Hence, we can
simply move the spinor on the left hand side past the U(A)™!, in order to obtain:

)7 STV = T7) 3 D) (A7 (A7)

Now we can use 38.17 (we’ll choose s as our index on the left-hand side — to be consistent,
we'll relabel on the right hand side as well):

1
UA) by (P)U(A) = 5 (P) > D(A)ug (A )by (A7'P)
Rewriting a bit more, we have:

U b UR) = 3 | om0 W) (A7) bela~)

S/

which we write as:

U BPU) = 3 Res (4,704
]

What about if we choose p° to be negative? Then we have the same thing, with v — v
and b — d'. We can therefore read off the answer:

U aPUA) = Y [ D@4 d(a D

Take the Hermitian conjugate of both sides:
1 *
-1 _ — (AL (AT
UA) (AU (A) = %: Lmvs@)D(A)vs (A m] do(A7'P)

which we write as:

U(A) ™ ds(D)U (A ZRSS ,D)ds (A7'P)



(b) Show that R, (A,p) = R,y (A, D)

We have to show that: .
Rss (A, p) = Ree (A, D)

which is:
ﬁﬂs@Dmm(Alm = % [P D)o (A7)

(D) D(ANug (A'P) = [0,(B)D(A)vy (A7'P)]”
Us(p)D(A)uy (A_lﬁ) = Uy (A_I@*D(A)*Us ()"
Recall that the complex conjugate of a spinor is the barred spinor. Thus:
Us (@D(A)us/(A_lﬁ) = Ws'(/\_lﬁ)D(A)*Us (P)
From the form of D(A), it is clear that:
Us (@D(A)Us’(/\_lﬁ) = Ws’(/\_lﬁ)D(A_l)Us(ﬁ)

This is just one number, so we can take the transpose without any difficulty:

W (7) D(N) g (A'5) = [B0 (A7) DA oy (5)] "

which is:
Uy (P) D(A)uy (A7'P) = v (P)" DA™ 0y (A7'p)"
Now we can insert some identities:
US(@D(A)USI(A_lﬁ) = vs(ﬁ)TCC_lD(A_l)TCC_lmf(A_lﬁ)T
Using 39.28 and its conjugate:
Us(p) D(A)ug (A1p) = s (p)C DA™Y Cuy (A1)

D(A) consists of an exponential (an infinite series) of constants and the product of two
gamma matrices. The constants are invariant; the gamma matrices transform according
to equation 38.36. Since there are two gamma matrices, the negative sign cancels; the
transposes also cancel with the transpose in the equation. Thus:

s (D) D(A)uy (A™'p) = ts(P) D(A)uy (A™'P)

as expected.

(c) Show that
UA)p,s,q) =Y By (A7, P)|Ap, s's )

where
Ip, s,+) = bi(P)|0)
Ip, s, —) = d}(p)]0)
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are single one-particle states.

We have:
U(A)lp, s, +) = U(A)bL(p)]0)

We insert the identity:

U(A)lp, s,+) = UA)DLE)U(A)T'TU(A)[0)

The U(A) operator acting on the vacuum won'’t do much:

U(A)lp, s,+) = UA)BL(E)U(A)~'[0) (39.3.2)

Equation 39.39 gives:

U 10PU ) = 3 Resd. b7

Taking the Hermitian conjugate gives:
UN) (P U (A ZR )bl (A7LR)

Now let’s reverse the direction of the Lorentz Transformation. This will give:
U(M)DL()U (A ZR A7 )b (A)
Using this in equation (39.3.2) gives:

A)lp, s, +) = ZR AT PBL (AR)[0)

This gives:
A)lp, s, +) ZR AL D) |Ap, s, +)

Absolutely nothing will change if we take + — —. Combining both cases, we have:

Mlp,s,q) ZR AL )| Ap, s, q)

as expected.
Note: this is one of the hardest problems so far. I spent a lot of time trying to think through
the subtleties and provide a detailed explanation. If anything is unclear, please feel free to

e-mail.

Srednicki 39.4. The Spin Statistics Theorem for spin-one-half particles. We
will follow the proof for spin-zero particles in section 4. We start with bs(p) and
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bl (p) as the fundamental objects; we take them to have either commutation (-)
or anticommutation (4) relations of the form:

[B4(5), b (7)) = 0
1B, bL, ()]s = 0
[bs(8), bl, (P")] 5 = (27)32w8% (5 — P) 8,

Define
v@) =Y [ dp b e
s=4

v (@)=Y [ dp bi@ro.@e
s=4

(a) Show that U(A)"'W*(2)U(A) = D(A)T+(A'x)

We have:
VW U = UW Y [ @)
s=+

The exponential, as the invariant product of two four-vectors, an the Lorentz-Invariant phase
space, are invariant as their names suggest. Thus,

UMW) =3 [ dp V) B BU )

Unfortunately, we need to use equation (39.3.1). If you did not do problem 39.3(a), there’s
nothing for it now except to start at the beginning until you achieve equation (39.3.1). Since
there is nothing that should be added or subtracted to my derivation above, I won’t redo
the proof, I'll just use the equation here.

This gives:
U)W (@)U (A) = D(A) S / b b(A Fu(A- 5
s=+

Next we’ll change p — Ap; this will not change the differential because it’s Lorentz-Invariant.
Thus:

UA) W (@)U(A) = D(A) S / 3 b (P ()
s=+

Next we’ll play with the indices: A¥p“z, = (A1) p“z, = pA~'z, where the first equality
follows by equation 2.5. Then:

U @U) = DO Y [ o b e

which is:
U(A)*l\IIJr(;I:)U(A) = D(A)\Iﬁ(Aflx)
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Nothing in our argument is changed if we change the b to b or the u to a v. Are we allowed
to make this substitution in equation (39.3.1)? Yes: examine the proof of (39.3.1). At the
beginning of part (iii) we took p° to be positive; now we take it to be negative. This allows
us to swap u <+ v, which is good, and b <+ df. To get from d' to b, we simply consider the
case of a Majorana fermion, proving the identity (remember the identity is just a relation
between a bunch of spinors; considering the case of a Majorana fermion does not mean that
the identity only holds in the case of a Majorana fermion). Thus:

U(A) ' (2)U(A) = D(A)T*H (A ')
as expected.

(b) Show that [¥T(z)]" = [~ (z)]TCB. Thus an hermitian interaction term
in the Lagrangian must involve both ¥ and ¥~.

We have: -
W) =Y [ do e )

This is:
W = 3 [ e )

Using equation 38.38:
@) =Y [ do e Con @ b

which is:

@) =Y [ e 8 ()

B is symmetric. CT = —C, but we kill off the negative sign by anticommuting with the 3
(equations 38.34 and 38.35). Thus:

v =3 [ @ e e o)
Remember the operator will commute with all matrices. Thus:
W) =Y [ dp e e

which is:

[T (2)]" = [~ (2)]"CB

as expected.
(c) Show that [¥[(x),¥5(y)]5 # 0 for (z —y)* > 0.
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We have:
(W (@), U ()]s =D / dp dp' € P [u (§)]a[vL(7)]51bs (7). b (7)) =
Using equation 39.43:

V@ V50 = Y [ do e ol

At the risk of stating the obvious, let me comment that o and 8 do not represent the spin
indices, but rather the component of the field spinor. Now we recall equtaion 38.37 and
38.38:

vs(7) = Ca, (7" = (@(HCT)" = — (@ (me)"
= v,(P)s = — [@(F)Cl,

Inserting this into our expression:
W0 Ve = = 3 [ dp e
Now we use equation 38.23:

W (), U (y)]5 = — / dp 7= [( p— m)C),, (39.4.1)

Now recall that the momentum operator has nothing to do with the momentum integral; it
is simply p = —i0,. Thus:

(U7 (2), U5 (y)]5 = — [(i Do +m)C], g4 / @ )
Now use equation 4.12:

W5 (@), 95 ()] =~y

[(i Dz +m)Cl o5 K1 (mr)

As in chapter 4, we argue that this is nonzero because K;(mr) is never zero when r? =
(r —y)* > 0 — even if the matrix element in the prefactor is zero.

(d) Show that [¥[, U (y)] = —[¥5 (y), ¥5 (z)]+ for (x —y)* > 0.
We go back to equation (39.4.1):

W (@), Ul = [ dp P (- mC,
We write this as:

W@, V) = = [ dp e [(40)" = me]
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(W0 W )l = — [ dp e (€7 ()T = me"],

Using equation 38.34:

W30, 05 )l = = [ dp e (=) +mc]

W) Ul = = [ dp 0 [(-p,CoMT + mc]

Using equation 38.36:

(WL (@), V5 ()]s = — [ dp e [(p,(v")C +mC],

which is:

mmmﬂam¢=—/%awﬂmp+mmm

Now we use the fact that (r — y)> > 0: this is a spacelike separation between the two
“events,” meaning that we can find a frame in which the two events are simultaneous. Thus:

[OF(2), U5 ()5 = — [ dp €™E D [(p+m)C]y,

which is: N
W@, U ) = [ dp TN (ot mic,,

Now we switch the integration variable from p to —p; this does not change the integration
measure because we'’re still integrating over the same space. Thus:

(W@ W) = = [ dp PTD (= pmic],,
Now we distribute the negative sign and reinsert the temporal part of the index:
(W (2), W5 ()5 = [ dp ™V [(fp—m)Cly,
The right-hand side of this is, by equation (39.4.1):

(W3 (2), Vs ()] =[5 (y), U (2)]+
as expected.
(e) Consider ¥(x) = ¥*(z) + AP~ (z), where A is an arbitrary complex number,

and evaluate both [¥,(x), Usy)]+ and [¥,(z), Ps(y)]+ for (x — y)? > 0. Show
these can both vanish if and only if |[A| =1 and we use anticommutators.

[Wa(2), Ua(y)l5 = [Vo(2) + AT, (), W5 (y) + A5 (y)]
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Using 39.43, we can simplify this as:

[Wa (@), Ua(y)ls = AlVa (), Vs (9)]5 + Al¥q (2), O5 ()=
We use the results of part (d):

(Wa (@), Us(y)ls = ALV2 (), Uy ()5 — A[W5(y), Vo ()5

Of course, [A,B] = AB— BA = —(BA — AB) = —[B,A] and {A,B} = AB + BA =
BA+ AB = {B, A}. This gives:

(Wa(2), Ua()ls = A¥o (), Vg (y)l5 £ A[VL (), U5 (y)]5

(Tal@), Up(y)lz = A1 £ D[W(2), U5 ()l

Using the result of part (c), there is no way that these will commute. They will anticommute
if and only if we accept canonical anticommutation relations.

For the second commutator in question, we have:
[Wa(), Up(a)]z = [Walz), Wi(y) A=

[Pa(2), s(a)]s = [PF () + AV (2), U5 (1)'5 + A5 () 6]+

Multiplying these out, the first and last terms have only bs; the second and third have only
bfs. Thus, the only pairings that will not vanish are the first and third, and the second and
fourth:

(Wal@), Us(a)lz = [V (), Wi (y)'8] + [N2|[W; (2), U5 (y) ']
Using equation 39.44:

[Wa(), Us(2)l = YD / dp dp' u(B)ais ()5 ™ [b(5), B (D))

ww22;ﬁ%@m®wm%fmﬂwmmm@h

As in part (d), we note that [A, B]; = F[B, A]+. Thus:

[Wa(z), Us(2)lz = YD / dp dp' u(D)aTs (7)™ [bs(5), BL (9]

NS S [ db i (@@ 5. )

Using the commutator and equation 39.43:

[\Ija(l'),ﬁg(l‘)]q: = Z/E]; us(ﬁ)aﬂs,(mﬁeip(w—y) = |)\|2 Z /Zi\]; U5<]5>a@5/(]5>ﬂ€_ip($_y)
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Now we use 38.23:
[\IJQ(ZL’),WB(ZL’)]:F = /g}; (_ /p+ m)aﬁeip(x_y) + |/\|2 /E]; <_ ﬁ - m)aﬁe_ip(w_y)

In the second term, we take the k— —k; as usual this does not affect the integration
measure. Thus:

[qja(z)’ﬁﬂ(‘r)]q: = /ZZ\]; (— b+ m)aﬁeip(x_y) F |)\|2 /(fj}; (/ﬁ — m)aﬁeip(x—y)

which is: B
[‘Ifa(l‘),gg(x)h =(1+ ‘)\’2) /dp (— p+ m)aﬁeip(xfy)

Now /p = ptv,: as the contraction of two four-vectors, the product is invariant as we
integrate over the Lorentz-Invariant phase space. Thus,

[Wa(e). To(ale = (1 A2)(— ot m)ag [ dp e
pu = —i0,. Further, we use equation 4.12:
(Wa(2), Ts(x)]x = (L £ [AP) (@ D+ m)asC(r)

which will vanish only if and only if we choose anticommutators and require |A| = 1.
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