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Srednicki 36.1. Using the results of problem 2.9, show that, for a rotation by an
angle 0 about the z axis, we have:

D(A) = exp (— i0S'?)
and that, for a boost by rapidity 7 in the z direction, we have
D(A) = exp ( — inS™)

In problem 2.9, we showed this is true for the vector representation. It must therefore be
true for all other representations, including this spinor representation.

Srednicki 36.2. Verify that equation 36.46 is consistent with equation 36.43.

Equation 36.46 is:

¥ ="'y

Using equation 36.39:
. 0 I 0 01 0 09 0 03
BT 0 )\ =y 0 —05 0 —o3 0

Doing the multiplication:

This gives:

which is equation 36.43.



Srednicki 36.3.
(a) Prove the Fierz Identities
t g 7 v,) = —2(x Tl
X100 X2 ) (| X3OuXa| = (x1x3)(x2Xx4)

(XIE"Xz> (x%ﬁule) = (x17"x4a) (x}Tux2)
Recall that the right-handed fields are always written as Hermitian Conjugates of left-handed
fields. Thus, we insert the indices:

(XW%) (X;E#X4> = (XIﬁ”“Xza) (x;wffxi)
This is index notation, so we can move these around as we like:
(d"xz) (daaxa) = 7em ol oxando
Now we use equation 35.4:
(xlﬁ“xg) (x%@xz;) = —2%e%x ] x2axbeXs

Now we use the Levi-Cevita symbol to raise the indices (recall that the Levi-Cevita symbol
is the spinor analog of the metric). We also move them around at will. Then:

(x7"xz) (W) = =231 s
Now we drop the indices since this are just multiplied:
(dd"xz) (ddaaa) = =2 (xxd) Gena)

Now we want to get back where we started with 2 <> 4. We know that xaoxs = xaXo.
[If you're confused about why the fields seem to commute when fermions should obviously
anticommute, see equation 35.25.] Then:

(XIE“XQ) (x;*@xz;) = -2 (XIXE) (xax2)

This shows that the right hand side of equation 36.58 is invariant under this relabeling. It
follows that the left hand side of equation 36.58 is also invariant under this relabeling —
which is exactly what equation 36.59 claims.

(b) Define the Dirac fields

[ Xi c_ [ &
w=(d) = ()

Use equations 36.58 and 36.59 to prove the Dirac Form of the Fierz identities,

— — — —C
(U v PpWy) (Wsy  PLWy,) = —2(W, Pr¥5) (W, PL¥,)



(WI'YMPL‘I’2)($3'7“PL\I’4) = (§17“PL‘I’4)(§37“PL‘I’2)

All we actually have to do is prove that these forms of the Fierz Identities are equivalent to
those in part (a). Let’s start with equation 36.58:

(xi%a) (x?ﬁwa) = —2(xIx}) (xaxa)

On both sides, let’s write this as a bra times a ket.

i ()] e (o8] 2l ()] 6w ()

where in the last term we remember, as in part (a), that xaxs4 = xax2. We can use equation
36.60 to identify some of these terms:

_ 0 — 0 = 0 =C [ X2
S Uy | _ =-2|V )
% ([ (o )] == Ca) 1 ()
On the left-hand side, let’s separate the os into their own matrix:
- 0 o# X2 = 0 Ou X4 _ - 0 —C X2
P 008G ) ()= ) I (3
These are gamma matrices:
T X T X4 . (° ¢ ( X
o O3] (%o (5] =27 () [ ()
Now let’s rewrite the remaining kets as projections:
= = = —=C
e ()] B ()] == e ()] [0 ()
3 &4 X3 2
Using 36.60 again:
— — — —C
[0, PLs) [Ty, PLVs] = —2 [T, Ppu§ ] [\If4 PL\DQ} (36.3.1)
which is 36.61.

To prove 36.62, let’s go back to equation 36.58 and write it as a bra times a ket as be-
fore, but this time we will write the last term differently:

i (5] [ (2 )]l ()] ) ()

The left-hand side has not changed; the right hand side is the same up to an arbitrary
relabeling (2 <> 4). We can therefore read off the result from equation (36.3.1):

[ﬁl’}/MPL\IJQ} [ﬁg’}/,uPL\Iu] =-2 [ElpR\I/g] [ES’PL\I&J
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This shows that the right-hand side of equation 36.61 is invariant under 2 <+ 4. It follows
that the left-hand side must also be invariant under that transformation, ie that:

(U PLWs] (W37, PLVs] = [Uiy* PrLVy) [Us7,PL 0]

which is equation 36.62.

Note: This may seem like a brilliant but completely unintuitive solution. If so, just start
with the result, apply the projection and gamma matrices, and arrive at 36.58-59. Then
reorder your results to get this solution (or announce that all your steps are reversible, so
you’re already done).

(c) By writing both sides out in terms of Weyl fields, show that
T y* Prly = — Wy v P W¢
T, P, 0, = Uy PLU¢

$1PR\IIQ - EchRlIlf

Writing both sides as instructed, we have:

o) (o 5 ) () 2t (o 5 ) (%)

Doing the matrix multiplication:

gotel £ —¢lore

To see if this can be true, let’s insert the indices. As usual, the daggers represent right-
handed fields, the non-daggered fields are left handed (that’s our convention). We give
dotted indices to right-handed fields, non-dotted indices to left-handed fields. Further, &
takes raised indices, o takes lowered indices. Then:

L
grot et = —¢l g,

On the left-hand side, let’s use the Levi-Cevita symbol to raise our indices. Remember we
have to contract with the second index of the Levi-Cevita symbol, otherwise we get a minus
sign. Then,

. ? .
EabEnglbUng;i) = —igaa’m&a
Now let’s use equaton 35.19 (which is a definition):
i ? i
§uo¢l, =~ ¢,

In order to be able to drop the indices on the left-hand side, we need to reverse the order of
the two terms. However, note that the function indicated by the index of a Weyl Field is a
fermionic function, and these always anticommute. Thus,

— i ? — i
—5;60'”"”51;, = —é;aa“““&a
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Dropping the indices, we find:
— v —
~g76 = —€lore

m
Expanding the second equation, we have:
X2 ) 2 3
This gives:
v
§ix2 = X261
m
The third equation is evaluated in the same manner as the second; the result is
xigh = €x
by is true (see equation 35.25). ]

Srednicki 36.4. Consider a field ¢4(x) in an unspecified representation of the
Lorentz Group, indexed by A, that obeys

U(A) " dpa(z)U(A) = L (A)pp(A™ x)

For an infinitesimal transformation:
1
Lf(l + dw) = 6AB + Eéww(S“”)f

(a) Following the procedure of section 22, show that the energy-momentum
tensor is ac
T =g L — ——0"pa
0 (8u¢A)
The derivation in chapter 22 still holds: everything is the same except that we’ve replaced
the scalar field ¢, with the representation-independent field ¢,. We therefore read off the
energy-momentum tensor from equation 22.29; the result is equation 36.68.

(b) Show that the Noether current correpsoning to a Lorentz transformation
is
MHVP — gVTRP _ pPTHY | BHVP

where
B = —i 0 (57) P
8(8u¢'A)
Equation 22.27 gives the Noether Current:
. OL(x)
Ma) = —————=d0pa(x) — K¥(x 36.4.1
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We need d¢4, which we get from the symmetry. Our Lorentz Symmetry is, in differential
form:
a4 — LP(1+6w)pp(z" — x,0")

We use 36.67 for L P and make a Taylor Series of ¢5. Then:
1
61> |88+ G052 | (o) — 0646
Doing the multiplication:

1
G4 — pa — O Px 0w, + §5wuy(5“”)fgb3
Hence: .
6 = B(SW) Lo — 8“¢Ax”1 SWp (36.4.2)
Now for K*. To determine this, we need to look at the change in the Lagrangian:
L(z) — LA )
L(x) — L(z" — dwHx),)
L(x) = L(x) — " Léw,,x”

Therefore:

0L = —0"Lowy,x”
We can write this as:

oL = —8”(95”5)5%“,

Why? We can recover the original equation by doing the derivative with the product rule.
One derivative will give a metric, which we use to change the differential to éw/". This rep-
resents the trace of an antisymmetric matrix, which vanishes. The other term is the original
equation.

Next, we bring dw inside the derivative as well. We can treat this as a constant term because
it is a differential: taking the derivative of a differential will effectively give a second-order
differential, which we neglect. Then,

5L = —0"(2" Low,y,)

Next we swap the indices:

0L = =0, (x, L)
which gives, by the definition of K*:

K" = —6w"x, L (36.4.3)

Finally, we combine (36.4.2) and (36.4.3) into (36.4.1), the result is (changing the indices as
needed):
b 0L (x)

~ (0,0a(x)) %<SW>AB¢B — 9 ua” | Sy + LOW T,
p
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We distribute the first term:

oL(x) i B 0L (x)
Pl - (S —o* Yow,y ———-—"t— + Lo T,
/ (0,04(7)) 2( )4 op PaT O (0pga(z)) v
This first term is B:
. 1 0L (x)
P _ _ - ppuv _ o v pv
J 2B dw,, — O oax (wa)(apgm(x)) + Low" x,

Using the result of part (a), we have:
1
jf = _EBPW(SWW + TP 2" d0wy, — g™ LY dw,, + Low™ x,

After manipulating the indices, these last two terms cancel:

. 1 v v
jf = —§BP“ dwyy + TP 2" 0w,

Rewriting this:

1
jP = -5 (B dw,, — TP 2" 0w, — TP 0w,
In this last term, p and v are just dummy indices. We'll exchange them:
1
jP = -5 (B dw)yy, — TP " dwy — TP 26w,

dw is antisymmetric, so we can switch those indices:

1
GF = -3 (B dw,y, — TP 2" 0w,y + T 20w,y |

Now we factor out the differential:

. 1 v v 14
j* = —3 [BPRY — TPHx” + TP 2] Sw,

We recognize the term in the brackets as M:
. 1 y
j’ = 5 [MPH] bw,,,,
It is customary to drop the differential as well as the constant terms. Then,
GO = AP
as expected.

c) Use the conservation laws 8,T*" = 0 and 8, M""? = 0 to show that
(c) n e

TV — T + 8,B"" =0



We have:
OMH"P =0, (" THP — xPTH + BFP) =0

This gives:
OMMP =g T + 270, T"p — g,/ T" — 2P0, T" + 0,B""" =0
The derivative of T is zero, so:
TV —T" +0,B"" =0
(d) Define the improved energy-momentum tensor or Belinfante tensor
1
OW = TH 4 5ap(Bp/w — BHPY _ BYPH)
(i) Show that ©*¥ is symmetric.

We have: ]
QM = TH L 5@, (BPH — BV — BV

We can simply reorder these last two terms:
1
QW — TH 4 Eap (BPHv — BUPE — BV
From the definition of B, we see that the last two indices of B go onto S*¥, the generators of

the Lorentz Group for spinors. Since S is antisymmetric, it follows that B is antisymmetric
in its last two indices. Therefore, we can write:

QW — T %0,, (—BPv# — BUet — Brev)
We can even rewrite this as:
QM = TH — §,B"" + %8,, (BPH — BYPH — BHPY)
Again using the fact that B is antisymmetric in its last two indices, we write:
QM = TH 4§, B + %aﬂ (BPH — BYPH — BHPY)
Using the result from part (c), we have:
QMW — Tvk 4 %8,, (BPH — BYPH — BHPV)

which gives:

QW — QVH



(ii) Show that ©®*" is conserved, 9,0"" =

We take the derivative:
v v 1 v 14 14
0,0 = 0,T" + 58#8,0 (BPH — BHPY — BYPR)

This first term vanishes by Conservation of Energy. In the remaining terms, we will dis-
tribute:

1 1 1
0.0 = 50,0,B™ — 50,0,B"" — 20,0,B""

For the second term, we will use our usual trick of arbitrarily choosing to swap the dummy
indices p and v. Also, we’ll divide the last term into two. These two changes give:

1 1 1 1
aﬂ@w _ 5@8,)3"“” B 58,,8“3[)“” _ Za#apBupu _ Z@H@)BVW

Recall that partial derivatives commute; thus, the first and second terms cancel. In the
fourth term, we’ll again use our trick of swapping the dummy indices. Then:

1 1
00" = =20,0,B"" — 20,0,B""

Now in the fourth term, we can again commute the partial derivatives. In addition, we have
already discussed how B is antisymmetric in its last two indices. Thus, the remaining two
terms cancel:

9,0 =0

(iii) Show that [d?*z@% = [d*zT° = P, where P" is the energy-momentum
four-vector. In general relativity, it is the Belinfante tensor that couples to grav-
ity.

We have: .
/@0”d33: = /Toyd?’x + 5 / (9p(BPO” — B%v — B”po)de

We break this last term into temporal and spatial counterparts:
1 . . . 1
/@Oude _ /Toydgl’ + §/ai(B’LOV . BO’LV . BV’LO)d?)x + 5 /aO(BOOV o BOOV . BVOO)d?)x

The second integral on the right hand side vanishes, as it is an integral over a total divergence
(assuming reasonable boundary conditions at spatial infinity). In the last integral, the first
two terms cancel, and the third term vanishes because B is antisymmetric in its last two
indices, as discussed above. We're left with:

/@OdeI‘ _ /Toyd?’l' — pv
where the last equality follows by equation 22.35.

(e) We define the improved tensor by:

SHVP — pV QMR _ pP@MY



(i) Show that it obeys 8,E*"? = 0.

We evaluate the derivative:
0,E"" = 0, (z"Or — zPOr)
Using the product rule:
0,2"" = (02" )0 + 270,0" — (0,2°)0"" — 20,0

Since the Belinfante tensor is conserved (our result from part (d)), the second and fourth
terms vanish. In the remaining terms, we evaluate the derivative:

THP _ L VQHEP _  PQIY
0,="" =g/0 9,0

Using the metric:

UV _ QUP _ QPV
= © ©

Since the Belinfante Tensor is symmetric (another result from part (d)), we have:
0,=M" =0

(ii) Show that [d3zE"? = [ d*zM""? = M"?, where M"? are the Lorentz gen-

erators.
/EOVp — / [xu(_)Op o xp@0uj|

Using the definition of O, we have:

We have:

1 1
/EOVpdi%x _ / |:$V (TOP + éaﬂ [B’qu — BOur _ BPNO}) — P (TOV + §8ﬂ [BMOV — BOw _ BVMO}):| dggj

Distributing;:

1 1
/ E"Pdir = / (J;VTO” + 570, (B = B — BMY) — T — 2w, (B — B — B””O)} d’x

We break the sums over i into temporal and spatial components:
1 1 , : :
/ =y = / (w”TO” + 50 (B™ — B"" — B*) + 5a¥0, (B — B — B") —a’T"
1 1 . , .
_51,;)80 (BOOV _ BOOI/ _ BI/OO) _ éxpaz (BZOI/ _ BOw _ BmO) de

The temporal terms vanish as before. Then:
1 A , . 1 A . A
/EOVpde — / (ZL’VTOP 4 5[[”8, (BZOp o B()zp _ szO) - :L,pTOI/ o éxpal (BZOV - BOW o BVZO) de
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Integrating by parts, we have:
1 4 4 . 1 . . .
/EOVpdS:U — / <qu0p . §(azx1/) (BZOp . BOzp - szO) - l’pTOV 4 §<alxp) (B’LOI/ o BO’LV - BZ/ZO):| dgl'

Doing the derivatives:

1 : , , 1 ; , 4
/EOVpde — / (xVTOp _ §glu (BzOp _ B()zp _ szO) _ .TpTOV 4 §g1p (B’LOZ/ _ BOZV _ BVZO):| d3x

Using the metric:
JEZEY (x”TOp — 5 (B — B — BO) —ar T 4 (B B B””O)] &
The first and last terms cancel, as do the third and fourth. Then:

/ P = / (2" T% — a?T% + B™*| d’x

which is:
/EOl’pde = /Mo”pd3m = M"P
where the last equality follows by equation 22.40.

(f) Compute ©*" for a left-handed Weyl field with £ given by equation 36.2,
and for a Dirac field with £ given by equation 36.28.

The Lagrangian given by equation 36.2 is:
. 1 Loy
L = i PO — smipep — Jmapty

where the m has been made real and positive as per the discussion in the text. We've also
changed the dummy index to p to avoid ambiguity later on. Then we can take the derivative:
oL

2(0,0) W'

Equation 36.68 gives, therefore:
v g |t 1 Lootot| — iviarer
T = g" |ip'e’ 0,1 — §m1/}¢ — §m¢ Y| — )T 0"

Now we note that, since this is a left-handed Weyl Field, we take the generator of the Lorentz
Group by equation 36.51: .
(Si) 8 = 1 l0"5" - "7}

4
Equation 36.70 gives, therefore:

i
BWP = Zw*aﬂ (05" — 0”5 g
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Combining all these results in equation 36.72, we have:

0 = g [i019%0,1 — gt = G v1| — Iy + 50, |00 04 — 097

—iwmﬁ“ [oPT” — Upﬁy]f Yp — iwmﬁ" [ofTH — JPE”]f ¢B]

There’s not much we can do to simplify this. We could commute the derivative through the
o, but that would require us to use the product rule, making this more complicated rather
than less so; further, nothing would cancel. All we can really do is to pull out some common
factors:

O = ig" )5 O — %Q“VW - %g’”ww — iTg" 0" + éap [w“‘ap (0" — 0"5")  Up

_wTAgu (0P — a”E”)f Vg — ¢TA5V (075" — ngp)f Q/’B}

As for the Dirac Field, we again have:
v 17 1 174 v 14
e =T — §8p (BPHY — BHPY — BYPR) (36.4.4)

The energy-momentum tensor is:

oL

W v
=9 = 50,0

o'

The Lagrangian is given by equation 36.28:
L =iUy"9,V — mu¥

and so we can compute

i = iﬁfY/t

9(9,0)

Thus the energy-momentum tensor is given by:

" = ig"" Uy*9, ¥ — mg"’' UW — jU~"9" U

Finally, we need B**?, which is given by:

B =Ty (5) Py

where S* is given by:

SHZ/ — _{_(SZV)GC 0 .
0 —(SR )%
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Combining our boxed results into equation (36.4.4) gives us the explicit form for the Be-
linfante tensor. While it is normally worth writing these results explicitly, doing so in this
case promises to yield a horrible equation which will yield very little insight. As such, it is
perhaps better to leave our result in this form.

Srednicki 36.5. Symmetries of fermion fields. Consider a theory with N massless
Weyl fields v;
L =iplord,p;

where the repeated index j is summed. This Lagrangian is clearly invariant
under the U(N) transformation,

P; = U

where U is a unitary matrix. State the invariance group for the following cases:

(a) N Weyl fields with a common mass M.

m m
L=ipla"d,p — S Y- ?WW
Let’s see if it’s still true for U(N):
: m m
£ = i(Uij1yy)'0" 0 (Uanthr) — = (Uigthy) Uantoe) = 5 (Uigthy) (Uinthn)'

This becomes: m m
£ = iUl 9,U¢ — ZuUf Uty — o ]URULL

Now we need to kill the Us. In the first term, as Srednicki says, the terms vanish if UTU = 1.
By the way, don’t be concerned about commutation with the Pauli matrix: the Pauli matrix
is multiplied by the derivative; the result is a ket of derivatives, which is an operator. This
will commute with the constant unitary matrix. We’'ll soon develop a new notation to make
this point cleaner.

In the second and third terms, we need UTU = I in order to kill the Us; this implies
that U7 = U~!, which by our first condition implies that U7 = U. This implies that
U = U*, which means that U must be real.

A real unitary matrix is called an orthogonal matrix, and so the group is invariant un-
der O(N).

(b) N massless Majorana fields
T _ T u
L= WiCy"d,¥,

We can break the Majorana field into components of its Weyl fields. A Majorana field con-
sists of only one Weyl field (the left-handed one on top, and the conjugate of the right-handed
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one on the bottom). Expanding the expression in the Lagrangian, we then get only N unique
terms, the same as when we dealt directly with Weyl fields (though there is now a factor of
two, since the Weyl field appears twice per Majorana Field. The Lagrangian is then substan-
tially unchanged from that of the first term of part (a), and so is the symmetry group. U(N).

(c) N Majorana fields with a common mass m
T _ u 1 T
L = E\IIJ C"Y 8“‘113' — Em\llg C\I’]

Same as part (b), except now the entire Lagrangian of part (a) is applicable, not merely the
first term. The result is the same. O(N).

(d) N massless Dirac fields o
L = i\Ifj'y”au\Ifj

Same as part (b), except now there are two 2N mass terms in the Lagrangian rather than N,
since each Dirac field consists of two Weyl spinors. All of these terms can “mix” together.
Hence, the group is enlarged to U(2N).

(e) N Dirac fields with a common mass m
L= i@fy“&u@j —_ mﬁquj

Same as part (c), except now there are twice as many terms, since each Dirac field consists
of two Weyl spinors. O(2N).
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