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with kr :; + km and one wi th kr = - km • All thr ee tra veling waves have essentially

the sa me value for kz.. th is value being esse ntially wl c, because we are assuming that
kor is small co mpared with kz • i.e. , that th e wa ves all trav el in esse n tially th e z dir ec­

tion. and th erefore th at t..he magni tu de wlc = J k~ 2 + kz
2 of the propa gati on vec tor

is essen tia lly eq ua l to kz for all thr ee waves. (We are omttting c, from this discuss ion.)

(e) In the figur e we show a glass microscope slide plus the k". Fourier component
of the 1" dependen ce of the thic kness of the am oeba. Th e carri er wa ve is produced

by the point sourc e S. It s oute rmos t rays ar e drawn with solid line s. Th e uppe r

sideba nd with kz = +km is drawn with dott ed lines. (Th e lower side band with
k, = - k... is not sbown.) The lens focuses these three traveling waves, each of
which is alm ost a plane wave, to se parate almost-poin t images in th e focal plane of

the lens, loca ted at z = 3/ . Th e rays co ntin ue on to the screen at z = 4f, where they
agai n overlap. Not ice that at the. f oca l pla ne of the lens (at z = 3f) the three waves

are com pletel y separated in sp ace. Tha t is where we can work on the carrier with ­
out disturbing th e sidebands! Thus we have a spa tial filter to isolat e a give n k"" in
analogy wi th the tim e filter (Fouri er-analyzin g circuit) used to isolat e a given co.

Now that we have the carrier wave isolated spa tially from th e side bands at z = 3f, it

should be easy to shift its ph ase by 90 deg with ou t disturbing th e side bands . In vent
a way to shift the ph ase of the carrie r wave by 90 deg relative to the side ban ds. Th e

beaut iful inven tion of the ph ase-contrast microsco pe was made by F. Zernicke in 1934.

We ca n describe the procedure we have just bee n thr ough in a mor e abstract (and

hence more gene ral) way as follows: At z = 0 we were given the fun cti onal x depend­
ence of th e am plitude and pha se co nstant of a n oscilla tion A(x) cos [wt + q:>(x)]. [In
th e pr esent example th er e was not am plitu de modulation at z = 0, that is, A(x) was

co nsta nt. In othe r examp les involving di1f:raction patterns , we have ha d ffl(x) constant
Instea d. ] We Fourie r-analyzed the x dependen ce to find standi ng waves at z = O.

T hese acte d as sourc es of tr aveling waves with known values of k",and k",. We th en

used a lens to convert a depe nd en ce 0 0 k",(at z = 0) to a de penden ce on x (at the
focal plan e of the lens, a distance f be yond the lens), with differ en t k",focus ed at dif­

ferent x. Th e x de pen den ce a t this f ocal plane is th us eq uivale nt to th e k, depend­
ence , wi th a one -to-o ne corr espo ndence be tween k» an d x. Thus the x dependence

at this focal plane is eq ual to a co nstan t tim es the Fou rier transform of th e x depend­

ence at the object plane at z = O. Th ere is no othe r value of z for whic h that is tru e.
'When the waves finally reach the screen (the im age plane), th ey have again th e same

x dependen ce as at th e ob jec t plane (neglecting th e replace men t of x by - x, and
neglecti ng th e fact tha t th e magnification may be different from unit y). Th us, in go­

ing from th e object plane to th e focal plane behind th e lens and th en to th e screen ,
th e :r dependence has gon e fro m the x de pe ndence a t th e object plane to the k",
dependence at th e objec t p lane and th en to th e oXdependence at th e object pla ne. In

going from th e kz depe ndence at the objec t pl ane to th e x dependence at the object

plan e, we are going thr ough th e inoeTse Fourier transform. Thus we may say that in

th e ph ase-contrast micro scope we start with a given oXdepen dence , Fouri er-tr ansform

it , wor k on it (shift th e ph ase of part of th e Fouri er tran sform , perhaps amplify or

atten uate its amplit ude also), and then perform the inverse Four ier transform. (If we

lea ve the Fouri er t ran sform intact. i.e ., put no phase shifte r at the focal plane, then
the final result is the same as the original x dep endence .) Many remarkable effects

can he ach ieved in this way, in what is someti mes called " Fo urier-tr ansform spec tr os­

copy " or "focal-plane spec troscopy."

( f ) Describe the co nve rsion of AM volta ge to F M volta ge in th e same ge neral
terms we have just used to describe the pha se-co ntras t microscope.

(g) In our discussi on we did not tak e into account th e total width (in th e x direc­

tion ) of th e amoeba, an d of the car rier wav e . Assume the carrier wave bea m width

is \V and that the a moeba has total width w . Wh at is the effect of these widths on
th e r varia tion of int ensity in th e focal plane a t z = 3f, i.e., how are our for mer results

modified. if at all?

(h) Suppose th at instead of shif ting the phase of the car rier wave by 90 deg at the

focal plane we co mpletely rem ove th e ca rrier by an opa que obs t ru ction in th e focal

plane. Wh at will be the x dep end ence of the intensity of the image in th at case?

9 .60 Two thin le nse s in se ries . Given tw o thin lenses of power it-I and h -1

arr a nged in serie s along a co mmon axis, with separ ation s be tween the two lenses.
Take both lenses to be positive lenses. (The results wi ll hold in gene ra l, with suitable

int er pr etati on s of signs .) Consider a ray parall el to the axis, at dista nce h from the

axis, and inc iden t on the first lens. Say the ray is inci de nt from th e left , and the
lenses are in order I , 2 from th e left . Th e first len s de flect s th e ray toward the axis .

Assu me th e ray hits th e seco nd lens before crossing th e axis . Fin d the focal point F

whe re the ray crosses th e axis aft er leaving the second lens. Show that th e location

of F is indepen den t of h (for small-angle ap proximations). Now define the loca tion P
(which stands for "p rincipa l plane" ) as follows: Extra polate the incide nt ray forw ard

(to the right ) and the emergent ray (the one th at goes th rou gh F) bac kward unt il th ey

cross. Th ey cross at th e princi pal plane P. Let r be the d istance of F to the right of
the second lens. Let y be th e dista nce of P to th e left of th e sec ond lens. Then

x + y is th e distan ce of the focal plane F to th e right of th e pri ncipal p lane P. This

dist ance is called th e focal length f of the combination of th e two len ses, co nside red
as though it were a Single thin lens located at th e prin cipal plane P. Find x, lj , and f
in term s of [i, [z . and s. Once you ha ve foun d f and P for rays goi ng from left to

right , do th e same for rays traveling fro m ri gh t to left . Are th e focal len gths the
same? Are th e principa l planes at th e same place?

A IlS. For rays incident from the left ,

r: = fl ~1 + h - 1 - S/J- l/z-Jj

X ~ (I - sj. - 1)f ;
Y ~ Sj. -lJ.
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9.6 1 Two lenses having h = + 20 em andJz = + 30 em are placed 10 em apart.
U an object 5 em high is located 30 em in front of the first lens, find (CJ) the location.
(b) the orientatio n, and (c) the size of the final image. By the ray-tra cing technique
locat e the position of the image OD a diagram.

9.6 2 A distan t green object is to be pictur ed wi th a pinhole camera in which the
distance from pinh ole to film is D. what should be the approximat e diame ter of the
pinhole if the picture is to be of maximum sharpness?




