








542  Interference and Diffraction

with k. = +k,, and one with k, = —k,,. All three traveling waves have essentially
the same value for k., this value being essentially w/c, because we are assuming that
k: is small compared with k., i.e., that the waves all travel in essentially the z direc-
tion, and therefore that the magnitude w/c = m of the propagation vector
is essentially equal to k. for all three waves. (We are omitting k, from this discussion.)

(e) In the figure we show a glass microscope slide plus the k,, Fourier component
of the x dependence of the thickness of the amoeba. The carrier wave is produced
by the point source S. Its outermost rays are drawn with solid lines. The upper
sideband with k; = +kp is drawn with dotted lines. (The lower sideband with
ks = —kp is not shown.) The lens focuses these three traveling waves, each of
which is almost a plane wave, to separate almost-point images in the focal plane of
the lens, located at z = 3f. The rays continue on to the screen at z = 4f, where they
again overlap. Notice that at the. focal plane of the lens (at z = 3f) the three waves
are completely separated in space. That is where we can work on the carrier with-
out disturbing the sidebands! Thus we have a spatial filter to isolate a given k., in
analogy with the time filter (Fourier-analyzing circuit) used to isolate a given w.
Now that we have the carrier wave isolated spatially from the sidebands at z = 3f, it
should be easy to shift its phase by 90 deg without disturbing the sidebands. Invent
a way to shift the phase of the carrier wave by 90 deg relative to the sidebands. The
beautiful invention of the phase-contrast microscope was made by F. Zernicke in 1934.

We can describe the procedure we have just been through in a more abstract (and
hence more general) way as follows: At z = 0 we were given the functional x depend-
ence of the amplitude and phase constant of an oscillation A(x) cos [wt + @(x)]. [In
the present example there was not amplitude modulation at z = 0, that is, A(x) was
constant. In other examples involving diffraction patterns, we have had ¢(x) constant
instead.] We Fourier-analyzed the x dependence to find standing waves at z = 0.
These acted as sources of traveling waves with known values of k; and k.. We then
used a lens to convert a dependence on k; (at z = 0) to a dependence on x (at the
focal plane of the lens, a distance f beyond the lens), with different k, focused at dif-
ferent x. The x dependence at this focal plane is thus equivalent to the k. depend-
ence, with a one-to-one correspondence between k; and x. Thus the x dependence
at this focal plane is equal to a constant times the Fourier transform of the x depend-
ence at the object plane at z = 0. There is no other value of z for which that is true.
‘When the waves finally reach the screen (the image plane), they have again the same
x dependence as at the object plane (neglecting the replacement of x by —x, and
neglecting the fact that the magnification may be different from unity). Thus, in go-
ing from the object plane to the focal plane behind the lens and then to the screen,
the x dependence has gone from the x dependence at the object plane to the k,
dependence at the object plane and then to the x dependence at the object plane. In
going from the k, dependence at the object plane to the x dependence at the object
plane, we are going through the inverse Fourier transform. Thus we may say that in
the phase-contrast microscope we start with a given x dependence, Fourier-transform
it, work on it (shift the phase of part of the Fourier transform, perhaps amplify or
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attenuate its amplitude also), and then perform the inverse Fourier transform. (If we
leave the Fourier transform intact, i.e., put no phase shifter at the focal plane, then
the final result is the same as the original x dependence.) Many remarkable effects
can be achieved in this way, in what is sometimes called “Fourier-transform spectros-
copy” or “focal-plane spectroscopy.”

(f) Describe the conversion of AM voltage to FM voltage in the same general
terms we have just used to describe the phase-contrast microscope.

(g) In our discussion we did not take into account the total width (in the x direc-
tion) of the amoeba, and of the carrier wave. Assume the carrier wave beam width
is W and that the amoeba has total width w. What is the effect of these widths on
the x variation of intensity in the focal plane at z = 3f, i.e., how are our former results
modified, if at all?

(h) Suppose that instead of shifting the phase of the carrier wave by 90 deg at the
focal plane we completely remove the carrier by an opaque obstruction in the focal
plane. What will be the x dependence of the intensity of the image in that case?

9.60 Two thin lenses in series. Given two thin lenses of power f;™! and fo™!
arranged in series along a common axis, with separation s between the two lenses.
Take both lenses to be positive lenses. (The results will hold in general, with suitable
interpretations of signs.) Consider a ray parallel to the axis, at distance h from the
axis, and incident on the first lens. Say the ray is incident from the left, and the
lenses are in order 1, 2 from the left. The first lens deflects the ray toward the axis.
Assume the ray hits the second lens before crossing the axis. Find the focal point F
where the ray crosses the axis after leaving the second lens. Show that the location
of Fis independent of h (for small-angle approximations). Now define the location P
(which stands for “principal plane”) as follows: Extrapolate the incident ray forward
(to the right) and the emergent ray (the one that goes through F) backward until they
cross. They cross at the principal plane P. Let x be the distance of F to the right of
the second lens. Let y be the distance of P to the left of the second lens. Then
x + y is the distance of the focal plane F to the right of the principal plane P. This
distance is called the focal length f of the combination of the two lenses, considered
as though it were a single thin lens located at the principal plane P. Find x, y, and f
in terms of fi, fa, and 5. Once you have found f and P for rays going from left to
right, do the same for rays traveling from right to left. Are the focal lengths the
same? Are the principal planes at the same place?

Ans.  For rays incident from the left,
frl=f1+fort —shi i)
x=(1—sfi”))f;
y =sfi7'f.
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9.61 Two lenses having f; = +20 cm andf; = +30 cm are placed 10 cm apart.
If an object 5 cm high is located 30 cm in front of the first lens, find (a) the location,
(b) the orientation, and (c) the size of the final image. By the ray-tracing technique
locate the position of the image on a diagram.

9.62 A distant green object is to be pictured with a pinhole camera in which the
distance from pinhole to film is D. What should be the approximate diameter of the
pinhole if the picture is to be of maximum sharpness?





