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Nonspecular reflecti on f rom a regular array. The central maximum and
th e specular reflecti on maximum are not th e only interference maxi ma
produ ced by the array of ante nnas sh own in F igs. 9.J7 and 9.18. In addi­
tion to these " zeroth" -orcler maxim a for t ransmission and reflection th ere
are also maxim a for those di recti ons for which th e path di fferen ce from
ad jacent ante nnas to the detector is g rea te r (or less), by an integer numb er
of wave lengths, tha n the difference for a zero th-orde r maximum. The
in terf eren ce pa tt ern for tr ans mitted wa ves (tra veling to the rig ht in Fig.
9.18) is simply th at of an tV-slit tra ns mission diff racti on gra ting , with inci­
den t light at no nn ormal incid en ce. Th e int er ference patt ern for the
reflected waves is sim ila r to that of the transmit ted waves, of course,
except that the reflected zero th order (specular reflecti on) is not likely to
be as bright as the t ransmitt ed zero th order (central maximum ). You may
ve rify th e existe nce of the int erf er en ce patt ern for reflected ligh t from a
regular array by using the transmission diffraction grating from your optics
kit as a reflection grating, i.e., by holdi ng it close to one eye and looking at
th e re flecti on of a poin t Source . Th e ze ro th-orde r (specular) re flection is
easily ide ntified, since it is " white." T he nonzeroth- order reflecti on mati ma
are sim ilar to the tr a nsmission maxima , for th e same non nurmaJ angle of
incidence.

If th e spaci ng bet ween neighborin g antennas is less than one wave ­
le ngt h, th en the only directions corr espondi ng to co mplete ly co nstruc tive
int erf eren ce are those of th e zero th-order maxima, i.e ., those corre sponding
to th e central maximum and to spec ular reflecti on. Wh en we study geo­
metr ical optics and optical instruments, we are usu ally co nsidering visible
Ught incide nt on glass or metal sur faces. Th e " driven ante n nas" are
at om s in the surface , and are spaced ab out 10- 8 em apa rt. For visible
light of wavelength about 5 X 10- 5 e rn, therefore, we can obtain only the
zeroth-orde r maxima. (For x rays of wave length less than 10- 8 em reflect­
ing from the surface of a single crystal, one obtains th e higher-ord er
maxima .) Because we shall be considering optical instrument s th at use
visible light , we assu me from now on that we have only spec ular reflection.

I m age of a point so u rce in a mirror- virtual SOUTce and real source. The
surfaces of co nstant ph ase for radiation from a point source are spheres. A
sufficie ntly small region on one of these spheres can be appro ximated by a
plane, and we ca n call th e (approximat e) plan e wave of radiation th at passes
through this small region a ray. In Fig. 9.19 we see a point source 5 viewed
by means of a mirror . Th e radi at ion th at ente rs th e lens aperture (pupil)
of th e eye can be thought of as a " bu ndle of rays." Two of the rays are
drawn in Fig. 9.19. Each ray is specular ly reflected from th e mirr or . Th e
ligh t ente ring the eye appea rs to co me from a point source 5' located
behi nd t he mirror. Th e source S' is called a virtual SOUTce because there
is not a real source of radia tion at S'. (Th e sourc e S is called a real so urce.)
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Re!raction - Snell's law-Fermat 's principle. \ Ve h~ve already gi \'~n two
deri vations of Snell's law. One deri vati on used a Simple geometric con­
st ruc tio n (Sec. 4.3). The other derivation used the fact that the numb er of
wave crests per uni t length alo ng th e bo unda ry is the same on eithe r SIde
of th e boundary (Sec. 7.2). Both of these deriva tions made use of plaoe
waves. Since in geo me trical optics one is always USing rays, 1. ~ . , nar~ow

beam s of light , rath er th an plane waves, we shall give her e a th ird deriva­
tion that uses a diffrac tio n-lim ited beam rather th an a plane wave . The
spreading of the beam du e to di ffraction will not concer n t,IS. however. and
we shall not show it.

Fi rst conside r a beam pr opagati ng in a hom ogen eous piece of glass of
ind ex n, as shown very schematically in Fig. 9.20. Consider atom .0 , i ~ th e
middle of th e bea m. It is drive n by the b eam . It radiates in aUdirections .
It s radiation help s to dri ve ato ms b, c, and d. Th eir radi ation superposes
to help driv e atom e (which is also at th e cente r of th e bea m). Now , th e
bea m is th e result of constructi ve int erference. TIllS means that for b and
d lying sufficiently close on eit her side of c, all thr ee of th e atoms b, c,and
d co ntribute with nearly the same phase at e, since all have b een dnv~n

byo. In othe r words. th e tim es for waves to tra vel at th e ph ase velocity
c/ n from a to b to e, a to c to e, an d a to d to e must all be nearly equal if
a, c, and e are all alon g th e path of th e ray, and if b and d are sufficiently
close to c. If th at were not th e case, th e rad iation from differe nt dn ven
ato ms would not be superp osing so as to maintain a bea m by constructive
inter feren ce.

Lens~O

/;

Fig. 9.19 Virt ual point image 5' oj Teal

point IfOUTce S in plane mirror .
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Now, it is obvious from Fig. 9.20 that if a, c, aod e are alon g th e ray,
then the neighboring pa ths abe and ade are slightly longer than the path
ace . What we mean by sayi ng tha t th ey are near ly equal to ace is that if
(for example) b has a small transverse displacement x from c, then the path
abe exceeds ace by a qu antity th at is proportional to the square of the small
quantity x, rather than pr oportional to the first power of x. Thus , in a
Taylor 's series expansion of th e path len gt h versus th e par am eter x, th e first
derivative vanishes (that term in the series is what gives a contribution
linear in x).

Actually it is not path len gth but pr opagati on time that ma tte rs. Thus
we have the principle that a light beam pr opagat es along a path such that
the derivative of the propagation time with respect to x is zero, whe re x is

(88)

whic h is Snell's law .
No w we shall consider some basic optical co mpo nents.

i .e.,

i.e .,

F ro m Fi g. 9.21 we have

o.p. = ",(y,' + x,' )' " + ",(y,' + x,')' ' . (86)

Now let P mov e an infin ites imal distance away from its (as ye t unknown)
position which minimizes o.p. Le t d(o. p.) be the change in o.p. due to
thi s displacem ent. To find d(o.p.), we differentia te Eq . (86). Th e only
variables are Xl and xz , since P re mains on the in terface. The sum of Xl

and r a is of course constant (since ato ms a and e are fixed), so that the
increme nt dxz is the negative of the increm ent cL'tl when P is displaced.

Thus we have

d(o.p.) = ", dl, + ", dl,
= 111 d( y,' + X,' )112+ ua d(y ,' + x, ' )' 12

11IXI d XI 112X2 dX2

= (y,' + x, ' )' 12 + (y,' + X,2)1I'

= I1,X, dx, + "'X, (_dx ,). (87)
h I,

In writing Eq . (87), we have neglected th e higher -ord er ter ms in volving
d XI 2, d XI 3 , etc. Now we assum e P is such that aPe is along the bea~; th.en
the first-order variation of o.p_ wi th Xl is ze ro, acco rding to Fermat s pnn ­
ciple. Th en Eq . (87) gives

[
n Ix l n2x z ] d

d(o.p.) = 0 = - 1,- - T xr,

a param et er that is zero for the path of the beam (like ace) and not ze ro
for a neighboring path (like ;we or Ode). Thi s conditio n says tha t th~ prop­
agation time along the beam is an extremum. This is called Fermat s Prtn -
ciple o] Least Ti me, or Simply Fermat's pri"ciple. .

\Ve shall now use Fermat's princ iple to derive Snell 's law . In Fig. 9.21
w e sho w atom a in medium 1 and ato m e in me dium 2 (They are analogous
to atoms a and e in Fig. 9.20). Th e point of intersection of the bea:':'.-with
th e interf ace, labeled P, is variab le. Th e path a~has a segme nt aP tbat
takes propa gatio n time t1 = llnl ! c and a segmen t Pe that takes pro.pagation
lime tz = 12n2l c. The distances el l and ctz are called the optical path
le"g ths n , l, and n,l,. TIle total optical path (o.p.) is a minimum if the
to tal elapse d time is minimum . Thus we wa nt to find the POUlt P for which

o.p. == TI,I, + ",I, = min.imwn. (85)

Fig. 9.21 Refrac tion. The op t ical pa th
lengt h "t il + "2'2oaries, dep ending on
the location of the point P. The actual
path of the light ray that traveu from a
to e is fo und by varying the position of P
so as to min imize the opti ca l pa th length,
according to Ferma t's princip le. In tha t
cas e aPe is along the in terference man­
mu~ and is anologoU3 to ace in Fig.
9.20.

Fig. 9.20 Light beam propa ga ting in
glass. The arrows arc along the propa­
gation direction and give the width of
the beam . The points a, b, c, d, and e
arc glass atoms.


