



































Fig. 9.20 Light beam propagating in
The arrows are along the propa-
gation direction and give the width of
the beam. The points a, b, ¢, d, and e
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Fig. 9.21 Refraction. The optical path
length nyl, + nyl, varies, depending on
the location of the point P. The actual
path of the light ray that travels from a
to ¢ is found by varying the position of P
50 as to minimize the optical path length,

ding to Fermat’s principle. In that
case aPe is along the interference maxi-
mum, and is analogous to ace in Fig,
9.20.

Now, it is obvious from Fig. 9.20 that if a, ¢, and e are along the ray,
then the neighboring paths abe and ade are slightly longer than the paih
ace. What we mean by saying that they are nearly equal to ace is that if
(for example) b has a small transverse displacement x from ¢, then the path
abe exceeds ace by a quantity that is proportional to the square of the small
quantity x, rather than proportional to the first power of x. Thus, in a
Taylor’s series expansion of the path length versus the parameter x, the first
derivative vanishes (that term in the series is what gives a contribution
linear in x).

Actually it is not path length but propagation time that matters. Thus
we have the principle that a light beam propagates along a path such that
the derivative of the propagation time with respect to x is zero, where x is
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a parameter that is zero for the path of the beam (like ace) and not zero
for a neighboring path (like abe or ade). This condition says that the prop-
agation time along the beam is an extremum. This is called Fermat's Prin-
ciple of Least Time, or simply Fermat'’s principle.

We shall now use Fermat’s principle to derive Snell’s law. In Fig. 9.21
we show atom a in medium 1 and atom e in medium 2 (They are analogous
to atoms a and e in Fig. 9.20). The point of intersection of the beam with
the interface, labeled P, is variable. The path aPe has a segment aP that
takes propagation time t; = hini/c and a segment Pe that takes propagation
time t» = lono/c. The distances ct; and cf are called the optical path
lengths nily and nsl.. The total optical path (o.p.) is a minimum if the
total elapsed time is minimum. Thus we want to find the point P for which

opLE= nily + ngly = minimum. (85)

From Fig. 9.21 we have
o.p. = m(y:? + x2)V2 + ny(y2? + x22)V2 (86)
Now let P move an infinitesimal distance away from its (as yet unknown)
position which minimizes o.p. Let d(o.p.) be the change in o.p. due to
this displacement. To find d(o.p.), we differentiate Eq. (86). The only
variables are x; and xo, since P remains on the interface. The sum of x;
and x3 is of course constant (since atoms a and e are fixed), so that the
increment dx» is the negative of the increment dx; when P is displaced.
Thus we have
dio.p.) =mdh + nz dl,
= npd(y:? + 11?2 + ne d{y2? + x2*)?
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= Tk dx; + w(—dn‘,‘), (87)
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In writing Eq. (87), we have neglected the higher-order terms involving
dxy2, dx;3, etc. Now we assume P is such that aPe is along the beam; then
the first-order variation of o.p. with xy is zero, according to Fermat’s prin-
ciple. Then Eq. (87) gives

dlopj = 0= [ = _] 1,
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ie,
X3 x2
n— = nz—,
L 2
L€
ny sin @) = ny sin 62, (88)

which is Snell’s law.
Now we shall consider some basic optical components.



