





144 THE DEVELOPMENT OF WAVE MECHANICS

element.* This shift or flow of probability density may be thought of aé\a
“probability density current.”” We shall now derive the formal statement of
the conservation law for probability density.

The time rate of change of probability density in any convenient volume
is given by:
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Now, ¥ satisfies Equation 4.34,
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while ¥'* satisfies the conjugate wave equation,
., 0
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The reason for the fact that the conjugate wave functions require a different
wave equation may be argued as follows. To claim that ¥ and W* satisfy the
same equation is to say that ¥ = ¥'*. '

To go a step further, if ¥ represents momentum transfer to the right, then
¥'* transfers momentum to the left; ¥* =¥ implies no momentum, that is,
no dynamical state. Then,
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Implicit in the last expression is the assumption that V¥*¥ = ¥*VW¥. In the
next section we will see that this is equivalent to assuming that the operator
for the potential commutes with the wave function.

Now, by Green’s theorem we have the vector identity

V- f(Ve) = (V) - (Vo) +/(V%) ’

V- g(Vf) = (Vg) - (V) + &(VY),

or

* This discussion assumes that matter is conserved. Therefore, these results are not valid for
relativistic reactions where particles are created and annihilated.
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where the latter merely interchanges the roles of the functions f and g. Sub-
e V- [f(Ve) — g(WN] =F (V) — &(V¥):

Létting f = ¥ and g = V¥,

V- [F(VE*) — PH(VE)] = F(VIP*) — F*(V2F).
Then, " )
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Now we define the probability density current,

S t) = QL’"_ [¥(VE*) — ¥*(VE)] (4.45)
m
Then
%J;pdf =J; —V’§d7,
or
%+v-§=o. (4.46)

Equation 4.46 expresses the conservation of probability a{ensity. Its simi}arity to
classical conservation laws in the absence of sources or sinks should be immedi-
atdy’lfﬁzog?ci)z;:t;ﬂity density current may be written in a more convenient
form by nIc))ting that ¥*(VY¥) is the complex conjug'at.e of ‘P‘(V"P'*). ' Thus the
bracketed quantity in Equation 4.45 is equal to 2: times the imaginary part
of W(V¥'*), and Equation 4.45 becomes:

S(7, 1) = %ﬁ Im [¥(VY*)]. (4.47)
By way of illustration, consider a wave packet representing a free particle

of momentum %k, = my, in the x-direction,
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Then the probability density current in the x-direction associated with the
motion of this particle is

= hk
£ ~ _’_i Im [¥(—ikF*)] = —r;“ [FE*| = p(x)2,
m

Hence, the probability density moves with the particle velocity.





