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also be a solution . This req uir em ent insures the vaII'dI' ty of th ... . I ' . e superposlnon
p~mcIp e. Furt~ermore, t~e dIffere.ntIal equation must be of the first order
wi t h respect to ti m e so that If'Y (x t) IS known at say t th it '11 b . Iifi d . ' , '0' en 1 WI e unique y
specI e at all la ter tim es. O ur last requir ement I'S tha t th .b . . e wave equation
mu st e conslst~nt WIth de Broglie 's hypothesis an d the correspondence rinci le.
For a free particle the total energy IS p P

E = p;
2m'

which becomes in the de Broglie formulation, Equation 4.14,

(4.34)

(4.35)

where V2 is the differential operator,

If the particle is not free but is acted upon by a force which can be ex­
pressed as the derivative of a scalar potential function, we merely add this
potential to the righ t hand side of Equation 4.34. Thus,

and

(4.36)

We have seen th at such a free particle can be represented by an infinite I
wave of the form pane

'Y (x, t) = _1_ e'(k,,"-wtl
y'2;

Equation 4.39 now becomes

a ( liSaz )i ii at 'Y (x, t) = - 2m ax2 + V 'Y(x, t) = £'¥(x, t).

Note that a single differentiation of Equation 4.36 with respect to time gives

a'Y "
- = -!Cu'f
at ' (4.37)

The ope rator, £' = - (Iit'/2m)(aZ/ ax2) + V, is called the Hamiltonian operator
since, analogous to the classical Hamiltonian function, it is the sum of the
kinetic and potential energy operators. In three dimensions the time-dependent
Schrodinger equation is,

Equation 4.42 is a far more useful form than Equation 4.39 since all of the
important physical problems do con tain forces . In fact , one can almost go so
far as to say that all of the interesting physics is contained in the potential term.

whereas differentiating twic e with respect to x results in

From Equations 4.35 , 4.37 , and 4.38 we see that we can write,

. a'Y lis az'Y
tli - = - - _

at 2m axZ '

(4.38)

(4.39)

where
liS

£' = - - V2 + VCr, t).
2m

(4.42 )

(4.4 3)

which is S.chrod.inger 's wave equa tionv for a free particle in one dimension .
In th ree dim ensions th e wave funct ion for a free par ticle is 10. THE CONSERVATION OF PROBABILITY DENSITY

\P' (r, t) = _1_ eilk.i'-wt )

(Zrr)! (4.40)
As in section 6 of this chapter, we define the probability of finding a

particle in the volume element d-r = dx dy dz as,

where 'Y( r, t) is the normalized wave function associated with the particle. Now
suppose that as time progresses, p decreases for one volume element in spa ce,
In order to be consistent with the fact that th e total probab ility density over
all ofspace mus t be unity, we must then ha ve p increasing in some other volume

and the corresponding Schrodinger equa tion is

a liZ
iii. ~t 'Y (r, t) = - - V 2'Y (r t)

o 2m' ,

1& E . ~~dinger, Ann..~ Phy J. 79, 36\ ( 1926) .

(4.4 1)

pdr = per, t) dx dy dz = 'Y*(r, t)'Y(r, t) dx dy dz, . (4.44)



and

while '1'"* satisfies the conjugate wave equation,

(4.47)

(4.46)

(4.45)

- Ii
S(;, t) = m 1m ['Y(V'F* )] .

i 1pdT=1- v· SdT,at r r

ap -- + v · S = o.at

S(f t) = i!!:.. [':Y(V'F* ) - ':Y* (V'Y)]., 2m

V· [J (Vg) - g(VJ )] = J( V2g) - g(V2J).

1 'Ii /
~1p d-r = - 2- V , ['Y(V'Y*) - 'Y * (V'Y )] dr ,
at r r 2m

Equation 4.46 exp resses the conservation oj probability ~ensity . I ts simi!arity t.o
classical conservatio n laws in the absence of sources or sinks should be immedi -

a te1y recognized. . . '
The probability den sity current may be wntten m a more convement

form by noting that 'Y*(V':Y) is th e co~plex conju~a~e of 'Y(V:,*).. T hus th e
bracketed quantity in Equation 4.4 5 IS equal to 2z times th e Imagmary part
of':Y(Vo/* ), and Equation 4.45 becomes :
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or

Then

Now we define the probability density current,

Then,

Letting f = 'I'" and g = 'Y*,

V . ['Y(V'Y*) - 'Y* (V'Y) ] = 'F (V2'Y*) - ':Y* (V2'Y) .

whe re the latter merely in terchanges the roles of the functions J and g. Sub­
tracting,

-iii~ 'Y*.£":Y *
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~ rp d-r = r(qr !. ':Y* + ':Y* ~ 'Y ) dr,
at J Jr at at

a'Y 1 1(-liZ ) iii i- = -;- £'Y = :- - V2 + V 'Y = - V2'Y - - Vqrat Iii Iii 2m 2m Ii '

Now, '¥ satisfies Equation 4-.34-,

£":Y = iii :t'Y,

a'Y* - 1 - 1(-1i2 ) - iii i- - = - .- £'':Y* = -.- -- V2 + V 'Y * = - V2':Y* + - V':Y*at Iii xli 2m 2m Ii'

eleme n t.* This shift or flow of probability density may be thought of as a
"probability density current." We shall now derive th e formal sta tement :of­
the conservation la w for probability density.

The time ra te of change of probability d ensity in any convenient volume
is given by :

T he reason for the fact that th e conj ugate wave functions require a different
wave equation may be argue d as follows. To cla im that 'Y and ':Y* satisfy the
same equ ation is to say that ':Y = ':Y*. .

To go a step further, if':Y represents momentum transfer to the right, then
':Y* tra nsfers momentum to the left ; '1'"* = ':Y implies no momentum, that is,
no dynamical state. Then,

a':Y* aqr -iii
- ':Y + 'Y* - = - [(V 2'Y*)'Y - 'F* (V2':Y)]at at 2m .

By way of illustra tion, consider a wave packet represen ting a free particle
of momentum liko = mvo in the x-direction,

• This discussion assumes that m atter is conserv ed. Therefore, these results are not vali d f~r
relativistic reactions where particles are created and annihilated.

Implicit in th e last expression is the assumption tha t V':Y*'Y = 'Y* V'Y. In the
next section we will see tha t this is equivalent to assuming that the operator
for th e potential commutes with the wave function .

Now, by Green's theorem we have the vec tor identity

s = - Ii I rn ['Y( -iko'F*)] = fiko I'Y'Y*I = p(x)vo·
Z m m

Then the probability dens ity current in the x-direction associated with th e
motion of this particle is

Hence, the probability density moves with the particle velocity .

v -j(Vg ) = (VJ ) . (Vg) +J (V2g)

V . g(VJ ) = (Vg) . (VJ ) + g(VJj ),
or




