














130 THE DEVELOPMENT OF WAVE MECHANICS

PROBLEM 4-7

What are the phase and group velociiies of an electron whose
de Broglie wavelength is 0.01 A? What is the kinetic energy
of the electron?

(Ans.: v, = 0.925¢; u,, = 1.08¢; 0.836 MeV.)

PROBLEM 4-8
A particle is defined in the space, —o < x < oo, by the
wave function,
‘F(x, t) == Ae—zlei(kz-mt)_
(a) Find the normalization constant 4.
(b) What is the probability of finding the particle in the
interval bounded by x and x + dx at time ¢?
(c) What is the total probability of finding the particle
somewhere between — o and +?
PROBLEM 4-9

A particle may be represented in the space, —a <x <a,
by either of the wave functions

(a) W(x) = Acos wx[2a or (b) ¥(x) = B sin mx/a.

Find the normalization constants 4 and B.

PROBLEM 4-10

A particle may be described in the space, —a < ¥ < a, by
a superposition of the two wave functions of the preceding
problem, namely,

mx . X
Y(x) = Acos— + Bsin —.
2a a

(a) Normalize this new function.
(b) Sketch the probability density as a function of x.
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7. THE FOURIER INTEGRAL AND THE
DELTA FUNCTION

Any periodic function, such as f(¢t + 7) = f(¢), can be expanded in
terms of sines and cosines provided that f(¢) is piecewise continuous and differ-
" entiable throughout the interval of the expansion.!* Ifthe interval of expansion
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includes the end points of the period, then we add the assumption that th
value of f(¢) at each end point is the arithmetic mean of its values at the righ
and left end points. Then, in the interval, —(7/2) <¢ < T2,

f(t)_-——{-Za coswt-i-zb sin w,¢, (4.21
n=L n=1
where

9 (T2 {

ay = = e St cos w,t" dt',
9 (T2

b, = = Sf(t') sin w,t" dt’,
T J-72
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This may be written in a more convenient form* by means of the Euler identity

© T2
)= T o and g =o f F&)eto ay, (4.2
T J-1p

n=—w0

where ¢, = }(a, — ib,), ¢ = ¢c_, and 0, = —w_,.

PROBLEM 4-11

Verify that Equations 4.21 and 4.22 are equivalent.

It is desirable to extend the interval of the expansion from 7 to oo :
that non-periodic functions can also be represented by expansions in sin
and cosines. To do this we must add the requirement that the integr
[Zo | f(2)] dt exists. We rewrite Equation 4.22 in the form

@ 1 T2 . ,
70 =3 3 [y SO (4.2

and note that we must eliminate the factor 1/7 before gomg to the lim
Since 7 is restricted to integral values,

27(n + 1) — 27n 2=
— w —— =

A(D = Co‘rl+!. n T 'T )

* Although the complex representation is introduced here as a mathematical device to repres
real functions, its general utility will become evident when it is used to represent complex w:
functions.





