








of relative . I ig~ t ~ntehsity versus position on th e scree n. Th e light in tensi ty
a t each POInt IS Int erpreted as the square of a wave amplitude vec tor which
can be represented by the real or imaginary part of a fun ction of the form,

~herefore, in qua~tum mechani cs we define a wave amplitu de function, or
simply ~ wavefu nction, for a~ .electron, ~(x, t), such that its modulus squared is
pr~portlOnal to ~h e probabIlIty of finding the electron at position x at time t,
This wave function IS a complex fun ction which we write as,

12'THE WAVE FUNCTION FOR AN ELECTRON

When Equation 4.20 is true, the wave fun ction 'Y is said to be normalized. It i
evident from Equation 4.18 that when a wave function is normalized the

. probability density is simply the square of its absolute amplitude.
Furthermore, in order to account for interference effects we assume the

va lidi ty of the principle oj superposition. When superposition is valid in op tic
(that is, in the case of coherent light) we add the amplitudes at a point vectori.
ally and square the resultant amplitude to obtain th e intensity at the point
Thus,
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wh ere the de Broglie relation has been inco rpora ted in the last expression in
order to rel ate th e frequ~ncy an d wave nurr:ber of the wav e to the energy and
momentum of th e particle. Although th is complex wave fun ction is not
directly observab le (tha t is, measurable) its physical significance rests on th e
assumption that th e quantity

where 1 represents the time average of the intensity over a full cycle. On th e
other ha qd, when light is incoherent (the relative phases of the differe m
sources are washed out), th e resultant intensity just goes as the sum

and the interference term 2.41 • .42 vanishes . Applying the principle of super­
position to the experiment of Figure 4-9, we wr ite:

For physically ac cep ta ble wave functions it is' always possible to in tro duce an
appropriate fac tor in the Wave func tion such that -

H ere, the last two terms are the interferenc e terms which depend upon the
relative phases of the two waves. The plus and minus signs' correspond to
constructive an d destructive interference. The phase factors in th e wave
fun ctions 'VA and '¥B play a role analogous to that of vector addit ion in the
above example from optics, thus indicating the importance of choosing complex
wave functions .

The device of representing an electron by a complex wave function can
be extended, of course, to other kinds of particles and even to atoms and mole­
cules . In order to be ph ysically admissible, however, a wave function wh ich
represents a particle must be finite, single-valued, and continuous. Furthermore,
it must vanish suitably as r --)0 00 so th at it can be normalized, as in dicated
by Equation 4.20. The latter requirement is necessary for the validity of the
prob abilistic interpretation of the modulus squared. The great significance ol
the principle of sup erposition is that a sup erposition of ph ysically acceptable
wave functions is itself accep tab le for th e r epresentation of a real particle.
We will now study th e Fourier integr al th eorem . Its use will enable us to
extend the mathematics of superposition from the simple case treated in section
8 of Chapter 2 to the formation of packets consisting of a continuum of fre­
quencies.

(4. 18)

(4. 19)

(4.20)

I'¥ (x,t )12

i :p (x, l) dx = 1.

p(x,l )

i :I'V(X, t) 12 dx = L oooo'Y* (x, t)'Y (x, t ) dx = L

P "-' i: I'¥ (x, t)12 dx,

is proportional to th e probability of finding the electron in th e elem ent dx
centered .a t Xl a t time ll ' Then th e tot al probabili ty for finding the electron
anywhe re In the space in question is proportional to the integral of 1'V (x, t)12
over all of the space. T hus, the to ta l probability, P, is

~or the one -dimensional space along th e x-axis . This in tegral mu st be fini te
In order to represent a real particle . It is convenient to define the probability
densilj for the particle as

wh ere we th en have



PRO BLEM 4-7

PROBLEM 4-1

11

(4.21

h 2 fT'2 j ( ' ) ' , d 'n = -T t sin wnt t,-T/2

2 fT'2an = -T jet' ) cos wnt' dt',
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21Tn
wn= T '

a ClO ClO

j et) = 2° + I an cos wnt + I i; sin wnt,
n -1 n -1
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This may be written in a more convenient form* by means of the Euler identity

where

includes the end points of the period, then we add the assumption that th
value ofj(t) at each end point is the arithmetic mean of its values at the righ
and left end points. Then, in the interval, - ( T j2) ~ t ~ T /2,
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(a) Find th e normalization const ant A.
(b) What is the probability of finding the particle in the

interval bounded by x and x + dx at time t ?
(c) What is th e total probability of finding the particle

somewhere between - 00 and + 00 ?

What are the phase and group veloc ities ofan electron whose
de Broglie wavelength is 0.01 A? What is the kinetic energy
of the electron?
(Ans. : VII = 0.925e; UfJll = 1.08e; 0.836 MeV.)

A particle is defined in the space, - 00 < x < 00, by the
wave func tion,

110

PROBLEM 4-,

A particle may be represented in the space, - a ~ x ~ a,
by either of the wave functions
(a) 'F (x) = A cos 17xj2a or (b) '¥ (x) = B sin nx]a.
Find the normalization constants A and B .

ClO

jet) = L eneio>nl and
n - -oo

I f.T12
en = - j(t')e-taJnj' dt',

T -T12 (4.2 ~

PROBLEM 4-"
PROBLEM 4-10 Verify that Equations 4.21 and 4.22 are equivalent.

(4.2

A particle may be described in the space, - a ~ x :=:;; a, by
a superposition of the two wave functions of the preceding
problem, namely,

17X . 17X
'F (x) = A cos -2 + B sin - .

a a

(a) Normalize th is new func tion.
(b ) Sketch the probability density as a function ofx,

7. THE FOURIER INTEGRAL AND THE
DELTA FUNCTION

I I t is desirable to extend the in terval of the expansion from T to 00 :

that non-periodic functions can also be rep resented by expansions in sin
and cosines. To do this we mu st add the requirement th at the integr
S~'" Ij(t) 1dt exists. We rewrite Equation 4.22 in the form

ClO 1 IT'!j et) = ! - j (t' )eiaJn(H ') dt',
n --ClO T -T/2

and note that we must eliminate the factor l iT before going to the lim
Since n is restricted to integral values,

Any periodic function, such as j et + T ) =j(t), can be expand ed in
terms of sines and cosines provided that j (t) is pi ecewise continuous and differ­
en tiab le throughout the interval of the exp ansion.t- If the interval of expansion
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• Although th e complex representa tion is u;.trod uced her e as a m a th em a tical device to repres
real functions, its general utility wil l become evident when it is used to represen t complex w:
functions•




