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Figure 3-9 X-ray spectrum of molybdenulT
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i s F. K. Richtmyer, E. H. Kennard, and T. Lauritsen, op. cit-, p. 349.
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6. X-RAY SPECTRA AND THE BOHR THEORY

When high-energy electrons are used to bombard a target made of a he~vy
metal the electrons are decelerated and they will radiate. The res~ltm.g
radia;ion produces a continuous spectrum called Bremsstrahlung WhIC~ I~
h teri d by a sharp cutoff at the short wavelength end. A typica

c arac en~e h . Figure 3-9 This continuous spectrum can be accounted
spectrum IS sown 10 . h .
for classically by the theory of electromagnetic radiation~5or quantum ~ec. an~.
cally by invoking an inverse photoelectric effect. That IS, the change m ~me~(
energy provides an upper limit on the photon frequency, whereas 10 t (

. . t of the mercury vapor This behavior is repeated at multiples
emission spec rum . . h B h
of4.9 volts as shown in the figure. We mu~t conclude from this that teo r
concept of discrete energy states is qualitatively correct.

Figure 3-a Current vs. voltage in the Franck­
Hertz experiment. (After J. Franck and G. Hertz,
Verhandl. deut. physik. Ges. 16,457 (1914).)

Figure 3-7 Apparatus for Franck-Hertz experiment.

ItJ. Franck and G. Hertz, Verhandl, deut, physik. Ges. 16,457 and 512 (1914).

5. THE FRANCK-HERTZ EXPERIMENT

Gas inlet

Calculate the energy and the radius of the first Bohr
orbit if the dielectric constant of silicon is 11.7 and the
effective electron mass is 0.2 mo.
(Ans.: -0.02 eV; 30 A.)

The experiment of Franck and Hertz provided additional confirmation
of the discrete energy states predicted by the Bohr theory. a In this experiment
mercury vapor was bombarded with electrons of known kinetic energy. When
this kinetic energy is less than the energy of the first excited state of atomic
mercury, the only energy which the colliding electron loses is the small amount
of kinetic energy (about one part in 105) that it can transfer to the massive
mercury atom by an elastic collision. However, when the kinetic energy of the
incident electron just exceeds the energy of the first excited state of mercury,
then the electron gives up virtually all of its kinetic energy to the mercury
atom in an inelastic collision. Thus, by comparing the kinetic energy of the
electrons before and after the collision one can determine how much energy is
transferred to the target atoms.

Franck and Hertz used a simple apparatus consisting of a mercury tube
containing a cathode, a plate, and an accelerating grid which was located
physically near the plate (see Figure 3-7). Both the plate and the grid were
maintained at positive potentials with respect to the cathode, but the plate
potential was slightly lower than the grid potential. This small retarding
potential on the plate had the effect of preventing contributions to the plate
current from electrons having negligible kinetic energy. Hence, if electrons
were to lose most of their kinetic energy in inelastic collisions with mercury
atoms, the retarding potential would prevent them from reaching the plate and
a drop in plate current would result. Such a drop in plate current was found
10 occur at 4.9 volts, as shown in Figure 3-8. Furthermore, Franck and Hertz
noted that at this voltage the 2536 A spectral line of mercury appeared in the
emission spectrum of the vapor. A simple calculation shows that the photon
energy of the 2536 Aline corresponds to 4.86 electron-volts! At slightly higher
voltages a large drop in plate current occurs and new lines appear in the



Atomic number

Figure 3-10 Moseley's results for the effect of
atomic number on the frequency of a given x-ray line.

If the Bohr atom is interpreted as a classical osci1I~tor
whose frequency is '1'0 = v(21rr, show that the clasSIcal
oscillator frequency can be expressed as

2wo
'Po = hn3 '

where Wo is given in Equation 3-27.
(b) Show that in the limit as n gets very larg~, th~ Bohr

frequency relation reduces to the expre~sl~n in (~).
This is an example of the correspondence pnnciple, whl.ch
states that a quantum theory result shoul? ~gree WIth
the equivalent classical solution in the limit of large

quantum numbers.

;&:l1IIi!JI"!l:'!mlIii1ll'l1!Il!!IilI!IIiiW~,mmlii'fni1~lINlt_IIr.!l%lii!1';.!!lill!t%lfli~IJI!I!lIll~-

(a)

What is the kinetic energy of an Auger electron resulting
from a radiationless transition from the L to the K shell of
chromium? Use the elementary Bohr theory.

Calculate the wavelengths of the K; and K{I lines of the
characteristic spectrum of vanadium using the elementary
Bohr theory. Compare these values with the accepted

values.

PROBLEM 3·13

PROBLEM 3-12

PROBLEM 3·"

.shell is designated as the L shell, t.he th~rd. M, and. so forth, so that La., L{I' , .. ,
M M radiation is defined III a similar fashion.

a., Si::c~ 'Equation 3.28 shows that the photon energy is proportional to Z;,
a transition from the second to the first shell for copper (Z = 29) would resu t
in the emission of a photon having an energy about .84I tImes. the energy of ~he

I
· f th Lyman series of hydrogen. ThIS approXImate calculation

longest ine 0 e . I 54 A Th
ives 1.44 A for the Kaline of copper, wher:as t~e cor~ect value IS '. . e

g t . ot nearly so good for transitlOns involving shells of higher order
agreemen IS n . '
because of the shortcomings of the Bohr. theor~ and the Important screening
effect of the nuclear charge by electrons in the lilnermost.s~ells., .

A process which generally competes with x-ray emission IS the internal

I
. cr t 0 Auger effect Here the x-ray photon does not actually

photoe ectnc euec r JJ< ., • •
appear, but an. e~uivalent. amount of kinetic energy IS gIVen to an outer

electron, which IS III turn ejected from the atom.

(3.29)
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1< J. DuMond and V. L. Bollman, Phys. Rev. 51, 400 (1937).
11 H. G. J, Moseley, Phil. Mag. 26, 1024 (1913); 27,703 (1914).
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photoelectric effect the photon frequency provides an upper limit on the change
in kinetic energy. Since the initial kinetic energy of an electron is determined
by the voltage on the x-ray tube, the short wavelength cutoff is given by

where V is in volts and A is in angstroms. Thus, a 12 kilovolt x-ray tube has a
cut-off wavelength of about I angstrom. Not many photons having wave­
length ,te are emitted, because the majority of electrons perform mechanical
work on the target when they stop and a large fraction of their kinetic energy
is converted into heat. Equation 3.29 provides an accurate methodw for
determining the ratio ejh, since a plot of lie vs. V is a straight line whose slope
is ejh,

Superimposed upon the continuous spectrum are a few discrete peaks
whose wavelengths are characteristic of the target material. A few of these
peaks are also shown in the figure. The characteristic x-ray spectra of many
~lement~were studied by Moseley;" who showed that the frequency ofa given
line vanes from element to element as the square of the atomic number. A
plot of some of Moseley's data is shown in Figure 3-10. This is precisely the
dependence predicted by the Bohr theory in Equation 3-28. Furthermore,
the Bohr theory accounts for the discreteness and the order of magnitude of
the photon energies of the characteristic spectrum by assuming that these
photons are emitted as a result of transitions involving inner electron shells.
If, for example, a high energy electron knocks out an electron from the first
shell ofa target atom, the vacancy may be filled by a transition from the second
shell, or the third, or higher shells. Since the electrons of the first shell have
been traditionally called K-electrons, the photon emitted by a transition from
the second shell to the K shell is called Ka. radiation; that due to a transition
from the third shell to the K shell is called K{I radiation, and so on. The second



I. NUCLEAR STRUCTURE AND SPECTROSCOPY

of a The nucleus of the Rutherford atom

elect~~~~~~~[f:o(~~ei)ual to i~s atomi;~a:~ ~:s~~:~1ht t~ be composed
and the atomic number ' that IS, the difference between't

n
a number of

of the electrons that . Alth~ugh this composition accoun he mass n.umber
Rutherford h fi appeared In the case of fJ emitt . ted for the eXIstence

. , WOrst proposed th' ers, It Was early . d b
dISCovery of th e eXIstence of the . reJecte Y
We now refer ;0~~:~o~ bY

t
Chadwick established itn;~~::clThesUbs~quent

m eu rons and prot ear constItuent
ass number or nucleon n b ons as nucleons and call A . h .

neutron nu b N . urn er. The quantity A 2' eit er the
There are nc er, b . FIgure 3-1I shows a plot of N - IS often called the
stable ow a out 900 known nuclei of which fcvers us h2 for some nuclel,

. 'ewer t an one-third are
The nuclear radius was dete .

by Rutherford. Subsequent exper~med tho be of the order of 10-1 2 cent' t
nments ave led to th '.' irne ers

e empmcal relationship,
r = roAt

which expresses the radius f' (3.30)
o any nucleus in terms of its nucl
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the constant r(l. The accepted value of r(l is 1.2 X 10-1 3 em (or 1.2 F), which wa
obtained from measurements of the nuclear charge distribution by means c
high-energy electron scattering.w Other methods of estimating nuclear radi
are in good agreement with this result. 19 •2o Equation 3.30 leads to tw
interesting conclusions. First, the nuclear force which holds the nucleus togethe
must be charge independent, that is, the non, pop, n-p interactions must b
essentially the same since it is A, and not Z or N, which determines the nuclea
radius. Second, the nuclear density is apparently the same for all nuclei, sinc
it is given by the expression

A A I
V = 47T 3.1 ""'-' 4rg .

3 ro

Thus, nuclear matter is roughly (aofr(l)3 = 1012 times as dense as ordinar
matter.

The binding energy of a nucleus can be expressed in terms of the differenc
in rest mass energy between the constituent nucleons and the composite nucleu:
Thus, the binding energy is the mass defect multiplied by c2 • For example, th
binding energies of the deuteron and the alpha particle are as follows:

Ea = (M'P + M; - M d) C2 = 2.2 MeV

E", = (2M'P + 2Mn - M",)c2 = 28.3 MeV.

Figure 3-12 shows a plot of the binding energy per nucleon (that is, EfA) as
function of A. Note that the binding energy per nucleon is roughly 7 or 8 Me'
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Figure 3-12 Binding energy per nucleon for stable nuclei.

1. See, for example, Robert Hofstadter, Annual Reviews of Nuclear Science 7, 231 (1957).
,. L. R. B. Elton, Introductory Nuclear Theory. W. B. Saunders Co., Philadelphia, 1966.
• 0 R. D. Evans, The Atomic Nucleus. McGraw-Hill Book Co., New York, 1955.



21 H. Yukawa, Phys, Math. Soc. Japan 17,48 (1935).
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Figure 3-14 Schematic energy level structure for hypothetical nuclei. An oc-emitter (a) 01

p-emitter (b) may decay directly to the ground state or to an excited state of the daughter nucle

V,-...; 1 to 10 MeV for a nucleon; for r = lOb = 10 F, V,-...; 10 to 100 eV.
schematic diagram of the nucleon-nucleon potential is shown in Figure 3-1;
Another property of the nuclear force, which i~ quite a depart~re from t~
behavior of Coulomb and gravitational forces, IS that of saturatum. That 1

a nucleon seems to interact with only a limited number of other nucleon
analogous to nearest-neighbor intera~tion~ in solids. 0: the s~turation I

chemical bonds in ligand theory. It IS this charactenstIc that IS evoke~ 1
explain the unusual stability of the alpha particle. There appears to be ~Itt
or no attraction between an alpha and another nucleon and hence there IS I1

stable nucleus of A = 5.
As a result of the discovery of natural and induced rad~oactivity, as. we

as the research leading to the identification of the "myste.nous emanations
called et:, P, and y rays, it became evident that the nude.us Itself ~ust hav~ a
inner structure. From careful measurements of the energies of emitted particl
and y rays, schematic diagrams of the energy levels an~ ~ecay. schemes of mar
nuclei nave been produced (see Figure 3-14). One striking difference betwee

Figure 3-13 Schematic diagram of the
nucleon- nucleon potential. Since the exact shape
of the well is not known, it is approximated by a
square well. For a neutron there is no Coulomb
repulsion.

(3.31 )

(3.32)

3e2

(2 - 1)2] = 5r (22 - 1).

e-r/b

V'-"';-r-'

Find the mass defects of 0 1 5 and N15. Compare this differ­
ence in rest mass energy with the Coulomb energy calculated
from Equation 3.31.

6.E = 3e
2

[22
5r

PROBLEM 3.'4

where b is the range of the nuclear force, ,-...,10-13 em = IF. This expression
is not valid for r < 0.4- F, where a repulsive term dominates. For r = b = I F,

for most nuclei except the lighter nuclei. The sharp increase in binding energy
for A = 4- accounts for the unusual stability of the alpha particle. The gradual
fall-off of binding energy per nucleon for the heavy nuclei is due to the effect of
the Coulomb repulsion, which is always present although it is dominated by
the nuclear poter:tial. This increase in Coulomb repulsion is partially com­
pensated by an mcreased nuclear attraction resulting from an increase in
the Nj2 ratio as 2 increases (see Figure 3-11). The nearly constant nuclear
energy per particle contrasts sharply with the dependence of electronic binding
energy per electron on 2 (and hence A) in atomic potentials.

The study of positron emission from mirrornucleiprovides an estimate of the
Coulomb contribution to the binding energy as well as an approximate value
of the nuclear radius. Mirror nuclei are pairs of nuclei having odd A such that
2 and N differ by one. For example, 0 1 5(2 = 8, N = 7) and N15(2 = 7,
N = ~) are mirror n~clei, each containing 15 nucleons. Thus, the binding
energies of these nuclei should be the same except for the correction due to the
difference in the Coulomb interactions. U sing the classical expression for
the Coulomb energy of a uniformly charged ball of charge Ze and radius r
the difference in Coulomb energy between nuclei of atomic numbers 2 and
2 - 1 is,

By measuring the energy ofp+ decay from element Z to element 2 - 1, r can be
calculated. Studies of a number of such reactions confirm Equation 3.30 with
a value of ro ,-...; 1.5 F. The fact that the binding energy of a nucleon is inde­
pendent of its charge, except for the Coulomb correction, adds further con­
firmation to the validity of the assumption that the nuclear force itself is
independent of the charge of the nucleon. The nucleon force is known to be an
extremely short-range force, since the Coulomb law adequately describes the
scattering of alpha particles for impact parameters greater than about I X

10-12 em. A commonly used form for the nucleon potential is the :so-called
Yu kawa potential.t-



?ptical and nuclear spectroscopy is associated with the energies of the photons
In each case. Recall that the energy of a photon in the visible region is of the
o:der of a few eV,. while an x-ray photon is generally in the keY regime.
Smce nuclear energI.es are of the order of Me V, y photons are frequently in
the MeV energy .regIme. However, there are no sharp demarcations between
these energy regimes and accordingly, "hard" x-rays may equally well be
called "soft" y rays. The atom emitting a photon must suffer a recoil in order
to cons.erve momer:t~m as w~Il as energy. For visible photons this recoil
energy IS often negligible, but It can become significant for energetic gammas.

PROBLEM 3./5

Figure 3-15 A hypothetical gamma ray spec­
trum for an atom in a solid at low temperature.
The narrow zero-phonon line is the one normally
used for Mossbauer spectrometry.

Zero
Phonon
Line

(a) Show that the energy shift of an emitted photon due to
the recoil of the emitting atom may be expressed as

* See Chapter 2, section 9.
aR. Mossbauer, Z. Physik 151,124 (1958); Natunoiss. 45, 538 (1958) .
sa See, for example, G. K. Wertheim, MossbauerEffect: Principles and Applications. Academic Press,

lew York, 1964.

The e~ect of such recoil on the light.emitted from a source consisting of many
atoms IS to broaden the spectral line associated with the transition. * Of
course, every spectral line has a natural width (tpere is no perfectly mono­
ch romatic source), but the recoil broadening can be many times greater than
the natural line width. An important exception to this occurs in some crystals
when the emitting atom is bound to the lattice with sufficient energy to prevent
its recoil. In such cases the emitted line is very sharp since the mass in the
denominator of Equation 3.33 becomes the mass of the whole crystal and
D.E '""'"-' 0. When recoilless emission occurs the linewidth is essentially its
natural width, and the photon may be absorbed by an unexcited nucleus of
the same species by the process of resonance absorption. This phenomenon is
known as the Miissbauer effect after its discoverer. 22 It has become an important
:001 in many areas of physics, but particularly in solid state and nuclear
ohysics.s"

Brief mention should be made of the gamma emission process when recoil
loes occur. Here we may distinguish three separate cases. (1) If the free-atom

where E is the transition energy and M is the mass of
the atom.

Calculate the recoil shift for the emission of the most
energetic Lyman line from a free atom of hydrogen.
Calculate the recoil shift for the emission ofa 14.4 keY
'Y ray from a free atom of Fe 57.

Calculate the Doppler shift due to a relative velocity 0

3 em/sec.
Find D.E/E, where E = 14.4 keY and D.Eis the Dopple
shift obtained in (a).

(a)

(b)

PROBLEM 3·/6

Energy Shift-eV

• Phonons are the quantized lattice vibrations referred to in Problem 2-7.

recoil energy, Equation 3.33, is greater than the binding energy of the atorr
in the solid (15 to 30 eV), the recoiling atom is dislodged from its lattice site
(2) If the free-atom recoil energy is less than the binding energy but Iarge
compared to the phonon* energy <--:0.1 eV), the gamn:a-emitting atom wil
remain in its site and dissipate its recoil energy to the lattice as heat. (3) If the
free-atom recoil energy is less than the phonon energy, then it is possible tc
observe either recoil-free gamma emission or gamma emission accompaniec
by the excitation of a discrete phonon of energy lio» '""'"-' 10-2 eV. This .thirc
case is the effect discovered by Mossbauer, and the gamma spectrum consists 0

a sharp peak corresponding to recoil-free gamma emission (:he zero phonor
peak) as well as a continuous spect.ru.m on the low. energy SIde (the p.hoz:or
wing) corresponding to gamma emission accompam.ed by phonon eX~lt.atIO~

(see Figure 3-15). The reader should note that rec~ll-free gamma ~mlsslOn 1:

analogous to the elastic scattering of photons. as In the production of the
unmodified line in the Compton effect (see section 7 of Chapter 2).

A frequently used source for Mossbauer studies is 27COS7, which captures. ;:
K-electron and decays to an excited state of 26FeS7. When Fe 57 returns to It:
ground state it emits a recoilless photon having a linewidth of about 10-1

times its energy of 14.4 keY. Such a sharp line can easily excite an Fe S7 atorr
in its ground state by the process of resonanc~ absorption. Thus,.a sample 0

C057 provides a source of radiation of unbehevable spectral punty. ar:d un.
excited Fe 57 provides an equally sharp detector. To get some appreciation fOJ
the sharpness of this line, note that a relative velocity of only a few hundredth:
of a millimeter per second between source and detec~orwill produce a Dopple:
shift great enough to prevent the resonance absorption,

(3.33)
E2

/);.E ,"","-,-­
2Mc% '

(b)

(c)



(a) What is the line broadening due to recoil of a Ni 80

nucleus upon emission of a 1.33 MeV gamma ray?
(b) What is the ratio t1E/E for this case?
(Ans.: 15.8 eV; ,....,10-5 . )

of the absorption probability and its index of refraction is related to the defle
tion of scattered neutrons. The phenomena of abs~rpti0fol and reso~ances c:
be accounted for by means of canceling and remforcmg travelmg wave

respectively.

8. FUNDAMENTAL FORCES AND EXCHANGE
PARTICLES

(b)

Virtual pairs

y e- y

--~--

----_.-
e

Virtual photon,--......•
e

(a)

I h b lectron (b) Creatic
Figure 3-16 (a) Emission and reabsorption of a vi rtua p oton y an e .

and annihilation of an electron-positron pair by a photon.

The historical problem of accounting for "action at a distance" w
avoided in classical physics by postulating fields of force which per~aded all

Thus the effect of body A on a remote body B can be explained -by tl
space. , . fi 1
fact that body B moves in the force field. of A, and VIce versa. The .e d has"
energy density associated with it and It possesses momentum wh~ch can I
transferred to and from massive particles. We ?ave already seen m the .c~
of the electromagnetic field that this energy density may be regarded as arisir
from a collection of quantized oscillators, each having a frequency corr
spending to one of the allowed modes. The entity. which possesses the quantu
of energy (and the corresponding momentum) IS the zero mass wavepack

hi h know as the photon. Thus we may regard an electromagnetic fiew IC we ., .
as a photon gas. To proceed a step further, the electromagnetI~ interacnc
between two charges is propagated by means of the excha~geof oirtual photo]
between the two charges. These photons are called virtual because. the
emission and reabsorption would constitute a violation of the conservatIOn
energy were it not for the fact that they cann~t be detect~d.

The uncertainty principle * permits a dI~crepancy m th.e en:rgy of a
amount llE provided that this non-conservatiOn lasts for a nme mt~rval r
reater than something of the order of Ii} !::.E. Thus, a charg:d parti.de ~a

~ontinuany emit photons of energy b.E and reab~orb them WIthout violatir
the conservation of energy since the whole process IS undetectable. By m:ans '
the same argument, a photon (not a virtual on~) may b: regarded as contmual
creating and annihilat~ngvi~tua~ electron-posItron paIrs. These two process

are indicated schematically m FIg. 3-16. .
When a virtual photon is emitted by one particle and. absorbed bYrr

different particle momentum is transferred between the partIcles.. Thfle tih
rate of change ofsuch a transfer of momentum is the force. There IS afi ur~ I

complication, however, since the exchange of photons must account or 01

Several nuclear models have been proposed to account for the observed
properties o~ nuclei. Unfortunately, no single model satisfactorily explains all
of the expenmental facts, so that more than one model must be invoked unless
one is concerned only with a specific property of the nucleus.

Perhaps the most popular model is the shell model. In this model each
nucleon is regarded as moving in an orbital state under the influence of a
nuclear field which represents the average effect ofall the other nucleons. The
allowed quantum states are found by using the j-j coupling scheme ofcombining
angular momenta, which will be discussed in section 5 of Chapter 8. The
noteworthy successes of the shell model are its ability to account for nuclear
spins, the stability ofthe alpha particle and certain other nuclei (those associated
with the so-called "magic numbers"), and for many features of nuclear spectra.

The shell model not only ignores such problems as the saturation of the
nuclear force, .the .nearly constant nuclear density, and the binding energy per
nucleon, but It gIves the wrong results for the scattering of neutrons from
nuclei. It turns out that neutrons interact so strongly with nuclei for certain
discrete energies (sometimes spaced only a few hundred eV apart) that they
are often trapped for a while before being ejected by the target nucleus. Such
trapping events are called "resonances."

The model proposed to account for these resonances is the liquid-drop
model. Here we regard the collective behavior of the nucleons as a many-body
s-ystem analogous to the lattice vibrations of a solid. The energy states of the
system are now the excitation energies of the collective system (analogous to
the normal modes), which one would expect to be a set of discrete but closely
spaced levels. Hence, a neutron having one of these energies will, in a collision
with the nucleus, immediately share its energy with the whole system. A
considerable time interval will elapse (compared to the transit time through a
distance equal to the nuclear diameter) before a neutron accumulates enough
er:ergy to emerge as the "scattered" particle.

In addition to explaining the resonances, the liquid-drop model is useful
in visualizing the saturation of nuclear forces and the phenomenon of fission.
It has also been used to develop a phenomenological formula known as the
semi-empirical mass forrnula.w

Another useful model of the nucleus is called the optical model. Here the
nucleus may be regarded as a cloudy crystal ball, since it is essentially opaque
to short wavelength neutrons (high energies) and it gets increasingly transparent
as the neutron wavelength increases (lower energies). Its cloudiness is a measure

2' See, for example, R. D. Evans, op. cit., p. 366, or L. R. B. Elton, op. ait., p. 118.
:i
i\
i,l

1
• See Section 9 of Chapter 2.


