
B~ uniform everywhere
Choose B~ to be in

the y-z plane

Force, Torque on a Current Loop
in a Uniform Magnetic Field

B~ = Byyê + Bzzê

line element of
of path C: d~̀
dF~=Id̀~âB~

=I[dxxê+dyyê]â[Byyê+Bzzê]
=I[dx(ByzêàBzyê)+dyBzxê]

but 0=
Z
C
dx=

Z
C
dy

0=
Z
C
dF~ .... no net force

dN~ = r~â dF~

=I
xê yê zê
x y z

Bzdy à Bzdx Bydx

ìììììì
ìììììì

= I(xêByydx à yêByxdx
à zêBz[xdx + ydy])R

C xdx =
R
C ydy = 0 ; but

R
C ydx = a( area)

N~ =
R
C dN

~ = IaByxê = m~ â B~ ;N = mB sin ò

Orientation: figure shows
R
C ydx > 0

andm~ must point downward
for cross product to yield

R
C dN

~



Energy of a Dipole in a  Magnetic Field

∆U =
Z
ò1

ò2

dòN(ò) = mB
Z
ò1

ò2

dò sin ò

= àmB[cos ò2 à cos ò1], so

U = àmB cos ò = àm~ á B~

Dipole tends to align with magnetic field

Force on a Dipole in a Non-Uniform
Magnetic Field

F~ = à ∇~ (à m~ á B~ )
when m~ is along zê,

0 = ∂Bz/∂x = ∂Bz/∂y
(center of a loop)

Fz = m
∂z
∂Bz

Force develops from the 
component of the field
perpendicular to z !

∇~ áB~ = 0



Magnetic Moment Related to Angular Momentum

m = IA = I â ùr2

=
2ùr
qvT

T
1 â ùr2 =

2
1
qvr

=
2m
q

mvr =
2m
q
L

J~ → L~, ö~ → m~

moment: dm~ = Ida~ =
2

1
r~â

ð
[úq(x~)Ad`]v~

ñ
=

2M

q
r~â

ð
[úM(x~)Ad`]v~

ñ

charge q =
Z
V
d3xúq(x~) Mass M =

Z
V
d3xúM(x~)

key assumption: úq(x~) = M

q
úM(x~) not necessarily so!

oriented area: da~ =
2
1
r~â d~̀

current: Id~̀ = úq(x~)v~Ad`

=
2M
q

r~â dp~ =
2M
q

dL~

generally, m~ = g
2M
q

s~ s is spin
g is a fudge factor



Spin Precession in Magnetic Field

J~ → s~

dt
ds~

= m~ â B~

= g
2M
q

s~â B~

∆þ=ωp∆t= |s~| sin ò
|∆s~|

=g
2M
q

B ∆t

ωp = g
2M
q

B

sx(t) = s sin ò cosωpt

sy(t) = s sin ò sinωpt

sz(t) = s cos ò ...stable in time



Physical Picture of g=2

B~

p~(0)

s~(0)
q,M

Trajectory (Circular)
all in the plane

p~(t)

s~(t)
dt
dp~

= qv~âB~ =
M
q
p~âB~

ω1 = |p~|∆t
|∆p~|

=
M
q |B~ |

dt
ds~

= m~ âB~ = g
2M
q

s~âB~

ω2 = |s~|∆t
|∆s~|

= g
2M
q |B~ |

ω1 = ω2 → g = 2

• Empirically very nearly true for
charged leptons: e, µ, τ
• Deviations from g=2 due to higher
order quantum corrections… one of the
most interesting areas of experimental
work… `g-2’ experiments



Stern-Gerlach Experiment (1921) :
Quantum Measurement of spin-½

Experiment uses a magnet that has

both a large Bz and a large
∂z
∂Bz .

hFzi =
h
g
2M
q

∂z
∂Bz

i
â Jz

Iron

I

large Bz , ∂z
∂B

ƒ

z

xy
Beam of Atoms - 

proceeding in +y direction
Silver - J from one outer electron

Jx and Jy oscillate, but
Jz stable



Surprise: Classical Expectation
Not Right at All

Stern Gerlach Magnet

z

x y

Silver Beam

Bz , ∂z
∂Bz

Classically, approx.
uniform distribution
between deflections
at limits Jz= ± J

Quantum Mechanically,
beam splits into two,
with: Jz = æ

2
~

Electron spin causes Jz,
and sz has eigenvalues of  ±h/2:

sz=
.
2
} 1 0

0 à 1

ô õ
ñ

2
}
ûz; note û2

z = 1

ûz = û3; "Pauli Matrix"



More Quantum Mechanics,
and sx

↑z =⇒ | ↑zi =. 1
0

ô õ
↓z =⇒ | ↓zi =. 0

1

ô õ
Idealized

Stern Gerlach

sx must also be represented by a 
2 by 2 hermitian matrix:

z
↑

↓

x
↑

↓

Simultaneous
eigenstate of
sx  and sz ?

sx =
2
}
ûx=

2
} 0 1

1 0

ô õ
, sy =

2
}
ûy=

2
} 0 à i

i 0

ô õ
The x Stern Gerlach measures eigenvalue of sx,
and after measurement, the state is an eigenstate.

+
2
}
: ↑x =⇒ | ↑xi =.

2
√1 1

1

ô õ
à

2
}
: ↓x =⇒ | ↓xi =.

2
√1 1

à 1

ô õ



Three Measurements, Commutation

z
↑

↓

x
↑

↓

Measurement of sx disturbs the eigenstate of sz.

z
↑

↓

2
√1 1

1

ô õ
1/2

1/2

â
sz, sx

ã
=

4
}2â

ûz, ûx

ã
â
ûz, ûx

ã
= 0 1

à 1 0

ô õ
à 0 à 1

1 0

ô õ
=2i 0 à i

i 0

ô õ
â
ûz, ûx

ã
=

â
û3, û1

ã
= 2iûy = 2iû2

ï123 = ï312 = ï231 = 1
ï321 = ï132 = ï213 = à 1
all other ïjkl = 0

2
1è

ûj, ûk

é
= îjk

èé
denotes anticommutator

Commutation relations are mathematically fundamental, valid for
 all angular momentum operators in quantum mechanics.
Anticommutation valid for spin-1/2 only.

2i
1 â

ûj, ûk

ã
= ïjklûl



Arbitrary Angle Stern-Gerlach

z
↑

↓

zcos θ + xsin θ 
↑

↓

cos ò/2

sin ò/2

" #

à sin ò/2

cos ò/2

" #

eigenvalues:

cos òàõ sin ò

sin ò à cos òàõ

ììììì
ììììì =õ2à cos

2
òà sin

2
ò= õ2à1=0

õ = æ 1 =⇒ spin e.v. = æ }/2

sz cos ò + sx sin ò =
2
} cos ò sin ò

sin ò à cos ò

" #

+ }/2 :
cos ò à 1 sin ò

sin ò à cos ò à 1

" #
=2

à sin
2
ò/2 sin ò/2 cos ò/2

sin ò/2 cos ò/2 à cos
2
ò/2

 
 a

b

ô õ
=0

b
a
=

sin ò/2

cos ò/2
(+ }/2); = à

cos ò/2

sin ò/2
(à }/2)



Transformations that Describe Rotations

U(òyê) : the operator which acts on a state in the
2 dimensional spin space and pushes
it actively by an angle θ about the y axis

ƒ

z

xy

ò

Unitary

Uà1(òyê) = U(à òyê)=
. cos 2

ò sin 2
ò

à sin 2
ò cos 2

ò

" #
=
.
U†(òyê)

U(òyê)=
. cos 2

ò à sin 2
ò

sin 2
ò cos 2

ò

" #

U(òyê) = cos
2
ò à iûy sin 2

ò

= e 2
àiûyò

e 2
àiûyò

= 1à
2

iûyòà
2!
1

2
ûyò
ô õ2

+
3!
i

2
ûyò
ô õ3

+ ...

= 1à
2!
1

2
ò
ô õ2

+
4!
1

2
ò
ô õ4

+ ...à iûy 2
ò à

3!
1

2
ò
ô õ3

+ ...

 !
= cos

2
òà iûy sin 2

ò


